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Fano resonances and optical vortices are two well-known in-

terference phenomena associated with the scattering of light.

Usually, these two phenomena are considered to be completely

independent, and in many cases, Fano resonances are observed

without vortices and the vortices with the singular phase structure

are not accompanied by Fano resonances. However, this situation

changes dramatically when we move to the nanoscale. In this

chapter, we demonstrate that Fano resonances observed for the

light scattering by nanoparticles are accompanied by the singular

phase effects (usually associated with topological optics) and the
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generation of optical vortices with the characteristic core size well

beyond the diffraction limit. Such effects are found for weakly

dissipative metallic nanoparticles within the Mie theory. Important

peculiarities of the far-field scattering and near-field Poynting flux

are manifested in the so-called “nano-Fano resonances” introduced

and discussed here. Control of the orbital momentum of photons

with the help of nanostructures is a novel research direction, which

is very attractive for many applications in quantum optics and

information technologies, and it opens an unprecedented way for

manipulating optical vortices at the nanoscale.

9.1 Introduction

The fascinating physics of light scattering offers two classes

of important interference phenomena: optical vortices and Fano

resonances. The optical vortices are observed in the structure of

the wave phase that carries topological singularities, and therefore,

they are associated with the so-called topological optics (also

called singular optics and dislocations of the wave front). The Fano

resonances are associated with a sharp asymmetric variation of the

wave transmission. In general, these two phenomena are seemingly

unrelated, and Fano resonances are observed without topological

effects as well as singular optics is not necessary accompanied by

Fano resonance effect. However, the situations change dramatically

as soon as we reduce the size of the scattering structure and

approach the nanoscale.

For a majority of plasmonic nanostructures with weak dissipa-

tion, the pronounced Fano resonance appears when the typical size

parameter becomes of the order of unity, q = 2π R/λ ≈ 1, where

R is the characteristic scale of the structure and λ is the radiation

wavelength. The term “pronounced” used here means that the

corresponding Fano resonance is distinguished in comparison with

the characteristic scale of the dipole resonance (Rayleigh scattering).

This condition implies that a majority of plasmonic nanostructures

with Fano resonances suffer from scaling.

Meanwhile, it is possible to generate Fano resonances within

the nanostructures with a very small size parameter q � 1
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associated with very weak scattering. The fascinating property of

such structures is related to the coexistence of the Fano resonance

and topological optics effects, where the characteristic size of

vortices is well beyond the diffraction limit. This property can be

found, for example, for weakly dissipative plasmonic nanoparticles

in the framework of the Mie theory. In this chapter, we demonstrate

that the limitation q ≈ 1 for the pronounced Fano resonances

can be overtaken for the cylindrical plasmonic structures, which

exhibit a Fano resonance at the nanoscale, q << 1. Important

peculiarities of the far-field scattering and near-field Poynting flux

are presented for this novel type of “nano-Fano resonance.” We

believe that our results provide an insightful mechanism for the

manipulation of Fano resonances at the extreme nanoscale, and also

open an unprecedented way for controlling vortices in topological

optics.

9.2 Fano Resonance and its Mechanical Analogue

The fascinating phenomenon of Fano resonance refers to the

interference of a broad and narrow spectral radiation [1, 2]. In

the case of light scattering by small plasmonic particles, the dipole

Rayleigh scattering plays a role of a broad spectral radiation and

the surface plasmon resonance (e.g., quadrupole or higher-order

resonance) plays a role of a narrow spectral line interacting with

the broad radiation. In the framework of the well-known Mie theory

[3, 4], such a Fano resonance manifests itself in the differential

scattering efficiency cross-sections. In terms of the interference

of electrical or magnetic scattering amplitudes (namely, a� or b�

within the Mie theory), it looks like an overlap of broad and narrow

spectral lines, for example, broad dipole and narrow quadrupole

lines (see Fig. 9.1). Within the Mie theory, the scattering amplitudes

are defined by the well-known formulas:

a� = �(a)
�

�(a)
� + i �(a)

�

, b� = �(b)
�

�(b)
� + i �(b)

�

, (9.1)

where the functions � and � are combinations of the spherical

Bessel and Neumann functions, see details in Ref. [5]. The
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resonances correspond to the condition �(a, b)
� = 0, and for nondis-

sipative materials, these conditions correspond to the conditions

a�, b� = 1.

Figure 9.1a shows the dependences of the scattering amplitudes

on the size parameter q. These dependences show two distinct

peaks associated with the resonances at q = 0.2 (for the dipole

mode) and q = 1 (for the quadrupole mode). For nondissipative

materials, these resonances correspond to the condition a� =
1. Periodically repeated “broad” maxima in the case of dielectric

particles correspond to volume dipole resonances.

In the case of metallic particles, these maxima do not correspond

to resonant excitation of plasmons. Usually, for small particles, the

dipole scattering is dominating, |a1| >> |a2| . Amplitudes of |a1|
and |a2| become comparable when the size parameter becomes of

the order of unity (see Fig. 9.1a). At the same time, for the Fano

resonance, we need these two amplitudes being comparable. Thus,

with the small size parameter, one of the scattering amplitudes

with necessity is very small. As a result, the Fano resonance is

“not pronounced” for q << 1. However, two scattering modes can

interfere either constructively or destructively.

The basic features of the Fano resonance can be understood

from a simple classical problem of two coupled oscillators. The

existence of interference effects in such a system has been known

for a long time, and it has been extensively employed, for example, in

mechanical systems for dynamic damping [6]. The dynamics of two

coupled oscillators can be described in terms of their displacements

x1 and x2 from the equilibrium positions.

ẍ1 + γ1 ẋ1 + ω2
1 x1 = �2 (x2 − x1) + f1e−iωt ,

ẍ2 + γ2 ẋ2 + ω2
2 x2 = �2 (x1 − x2) + f2e−iωt . (9.2)

Here, ω is the frequency of an external force, ω1 and ω2 are the

eigenfrequencies, � describes the coupling between the oscillators,

and γ1 and γ2 are the dissipation coefficients. The steady-state

solutions for the displacement of the oscillators are periodic, x1 =
x10e−iωt , x2 = x20e−iωt , where the amplitudes are given by the
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Figure 9.1 (a) Dipole a1 (blue) and quadrupole a2 (red) electrical scattering

amplitudes versus the size parameter q at ε ≈ −2.1. (b) Back scattering (BS;

red) and forward scattering (FS; blue) cross-sections versus normalized

frequency ω/ωp. Dielectric permittivity ε is described by the Drude formula

with γ /ωp = 10−3 (weak dissipation), where ωp is the plasma frequency,

and γ is the collision frequency. Parameter q = ωp R/c = 0.7. Inset shows

polar scattering diagrams in the x–z plane (azimuthal angle ϕ = 0 in the Mie

theory) near the quadrupole resonance of a plasmonic particle. Red curve

corresponds to linearly polarized light; blue lines represent non-polarized

light.
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Figure 9.2 (a) Schematic of two dissimilar coupled oscillators. (b)

Oscillator amplitude x10 calculated from Eq. (9.3) for ω1 = 1, ω2 =
1.1, � = 0.25, γ1 = 0.1, and γ2 = 0.01. Constructive and destructive

interference occur correspondingly at the resonant frequencies ω = ω10

and ω = ω20, shown by arrows. These frequencies are in the vicinity of the

hybrid eigenfrequency [8].

expressions:

x10 = ( f1 + f2) �2 − f1

(
iγ2ω + ω2 − ω2

2

)(
ω2

1 − ω2 − iγ1ω
) (

ω2
2 − ω2 − iγ2ω

) − �4
,

x20 = ( f1 + f2) �2 − f2

(
iγ1ω + ω2 − ω2

1

)(
ω2

1 − ω2 − iγ1ω
) (

ω2
2 − ω2 − iγ2ω

) − �4
. (9.3)

The paradigm of the classical analog of the Fano resonance is

that light excites only the broad mode, for example x1, while the

narrow resonance mode x2 (dark mode) is excited just only due to

the coupling [7, 8]. In this sense, only one oscillator is driven by a

harmonic force, so that we may put f2 = 0. A particular example

of this situation is shown in Fig. 9.2. In the resonance region, we

identify both constructive (at ω = ω10) and destructive (at ω = ω20)

interferences.

We notice that in the vicinity of the Fano resonance, there

appears a π -jump in the phase of the second oscillator (see

Fig. 9.3). Below that resonant frequency, both oscillators are in

phase, whereas above the resonant frequency, they oscillate out of

phase.
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Figure 9.3 Phases of the first (φ1) and second (φ2) oscillators, and their

difference as a function of the driving frequency.

The models of coupled oscillators can be employed for the

qualitative explanation of many experimental results on the Fano

resonances in plasmonic structures (see, e.g., Refs. [9, 10]). However,

for more adequate comparison of theoretical and experimental

results, the numerical solutions of Maxwell’s equations are required.

Although the basic physics of Fano resonances in plasmonic

materials is well understood, some important issues are not

resolved yet. We believe that the scaling of the Fano resonances for

small structures is among those important unsolved problems.

9.3 Scaling of the Fano Resonances within the Mie
Theory

The basic problem with scaling of Fano resonances can be observed

for nondissipative plasmonic nanoparticles within the Mie theory. As

mentioned above, the problem of the Mie scattering can be solved

analytically for a metallic sphere in which we can employ the exact

Mie solutions [3, 4]. We find the Fano resonance in the directional
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scattering efficiencies for the forward scattering (FS) and backward

scattering (BS). The scattering efficiencies are presented by [1]

QBS = 1

q2

∣∣∣∣∣
∞∑

�=1

(2� + 1) (−1)� [a� − b�]

∣∣∣∣∣
2

,

QFS = 1

q2

∣∣∣∣∣
∞∑

�=1

(2� + 1) [a� + b�]

∣∣∣∣∣
2

. (9.4)

For q << 1 we expand the scattering amplitudes up to q5

a1 = −2i
3

ε − 1

ε + 2
q3 − 2i

5

(ε − 1) (ε − 2)

(ε + 2)2
q5, a2 = − i

15

ε − 1

2ε + 3
q5,

(9.5)

b1 = − i
45

q5 (ε − 1) , b2 = 0. (9.6)

Importantly, the expansions contain singularities in the electric

amplitudes, for example, in the dipole amplitude a1 at ε = −2 (this

singularity is seen in the formula for the Rayleigh scattering), in the

quadrupole amplitude a2 at ε = −3/2, and so on. At the same time,

the magnetic amplitudes b� have no singularities.

However, there are no real singularities at exact plasmon

resonances where �(a)
� = 0. Electrical amplitudes a� tend to unity

at the corresponding resonant frequencies, as can be seen clearly

from the formula (9.1). This means that the Rayleigh approximation

is not applicable at the points of the plasmon resonances where

the Rayleigh scattering is replaced by the so-called anomalous light

scattering [5]. To escape singularities at the scattering amplitudes,

it is sufficient to expand numerator and denominator in (9.1)

independently. However, it is not so important for the determination

of anisotropy in scattering where the positions of the forward

scattering and back scattering resonances can be found from Eqs.

(9.5) and (9.6) with sufficient accuracy. Applying expansions (9.5)

and (9.6) to Eq. (9.4), one can find that the solution of the equations

QFS = 0 and QBS = 0 yields the size parameters

q2 = q2
FS = 15

(ε + 2) (2ε + 3)

(1 − ε)
(

38 + 27ε + ε2
) ,

q2 = q2
BS = 15

(ε + 2) (2ε + 3)

70 + 29 ε − 10 ε2 + ε3
. (9.7)
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Figure 9.4 Scattering efficiencies versus permittivity. Forward-scattering

efficiency vanishes along the blue curve given by the first equation of Eq.

(9.7). Red curve corresponds to the second equation of Eq. (9.7), and it

presents the back scattering efficiency. Inset shows the region of small q.

Both quantities qFS (ε) and qBS (ε) vanish in the vicinity of the

dipole (ε → −2) and quadrupole (ε → −1.5) resonances, see Fig.

9.4. In Fig. 9.4, we do not show nonphysical brunches of Eq. (9.7)

corresponding to negative values of q2.

At the corresponding frequencies, one can observe the trans-

formation of the far-field scattering diagrams typical for the Fano

resonance [1]. These polar diagrams are calculated by a standard

way, see Ref. [4]. Corresponding scattering intensities are

I (s)
II = C

∣∣∣∣∣
∞∑

�=1

(−1)�

[
e B� P (1)′

� (cos θ) sin θ − m B�

P (1)
� (cos θ)

sin θ

]∣∣∣∣∣
2

,

I (s)
⊥ = C

∣∣∣∣∣
∞∑

�=1

(−1)�

[
e B�

P (1)
� (cos θ)

sin θ
− m B� P (1)′

� (cos θ) sin θ

]∣∣∣∣∣
2

.

(9.8)

In Eq. (9.8), C is the normalization coefficient; other values are

the same as in Ref. [4]. For small values of the size parameter q <<

1, we observe the Fano resonance in weakly dissipated plasmonic
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Figure 9.5 Scattering efficiencies QFS and QBS for the particle with q = 0.02

versus ε. Insets show the far-field scattering diagrams at the corresponding

frequencies, calculated with Eq. (9.8) at the corresponding frequencies: ε1 =
−1.5 − δ1, where δ1 = 1.67 10−5 corresponds to zero forward scattering,

ε2 = −1.5 + δ2 where δ2 = 1.67·10−5 corresponds to zero backward

scattering.

nanoparticles. The asymmetrical shapes in differential scattering

efficiencies are shown in Fig. 9.5 in the vicinity of the quadrupole

resonance. Variation of the scattering diagrams from the forward

scattering to backward scattering is shown in the circular insets to

Fig. 9.5.

Now, we can illustrate the basic problem that arises with scaling

of the Fano resonance. Any real metal has a finite dissipation that

strongly influences the behavior of the differential scattering, see

Fig. 9.6. When the size parameter q becomes of the order of unity,

it is possible to observe the Fano resonance in the media with weak

dissipation. However, when q << 1, it is impossible to observe

the Fano resonance even with weakly dissipating plasmonic media.

We notice that for weakly dissipating metals such as K, Na, and Al,
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Figure 9.6 Scattering efficiencies QFS and QBS for Im ε = 0 and

nanoparticles with weak dissipation (Im ε = 0.05). For q < 0.5, the Fano

resonance disappears for Im ε > 0.05.

the minimum value of the dissipation parameter is about Imε ≈
0.14 − 0.18 near the plasmon resonance frequencies [11].

9.4 Formation of Vortices within the Mie Theory

Another type of interference phenomena is related to topological

optics, and it is associated with terms such as singular optics,

vortices, and dislocations of the wave front [12–15]. The basic point

of the topological optics is an undefined phase of electromagnetic

field at the points where the intensity of the wave vanishes. Any

2 πn phase values can be continuously conjugated at this point.

The integer n presents the so-called topological charge, which

shows the number of twists that light does in one wavelength.

There are many methods to create optical vortices by diffraction,

computer-generated holograms, and a special light modulator.
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Recently, it was shown that the vortices can be created during

light scattering on plasmonic nanostructures [16–18]. For weakly

dissipating plasmonic spheres, vortices can be found in the vicinity

of dipole and quadrupole plasmon resonances, see the examples in

[16–18].

Distribution of the Poynting vector for nondissipative plasmonic

material and q = 0.02 at the point corresponding to the symmet-

rical quadrupole resonance and forward and back scattering are

presented in Fig. 9.7. One can see great modifications of the vortices

structures in the near field. The vortices are created during light

scattering the plane wave in contrast to Ref. [19], in which the special

emitter of whispering gallery modes was used.

The lowest-order Fano resonance within plasmonic nanopar-

ticles is observed due to interference of the electric dipole and

electric quadrupole [1]. Pronounced interference occurs when both

interfering amplitudes are comparable at the same frequency. As

we have mentioned above, the pronounced interference occurs

when the size parameter q is of the order of unity. With small

values of the size parameter q → 0, these dipole and quadrupole

resonances appear at different frequencies, which correspond to

ε = −2 for dipole and ε = −1.5 for quadrupole. Thus, the

interference occurs in the range of frequencies where one of the

interference amplitude is small. For example, when q = 0.1,

the dipole amplitude is five orders of magnitude smaller than the

quadrupole amplitude in the range of interference, see Fig. 9.8.

Thus, it is very questionable to observe Fano resonances during the

scattering light on small spheres. Unfortunately, a similar effect takes

place on the hybridization diagrams for a majority of plasmonic

nanostructures, that is, dipole and quadrupole resonances require

different values of ε as q → 0. This result suggests that Fano

resonance is not observable in nanostructures with a size much

smaller than the wavelength.

Distribution of the Poynting vector for nondissipative plasmonic

nanoparticle and small q = 0.02 at the points corresponding to

the symmetrical quadrupole resonance and forward and backward

scattering are shown in Fig. 9.7. We observe dramatic modifications

of the vortex structures in the near field.



May 16, 2014 17:16 PSP Book - 9in x 6in 09-Boriskina-Zheludev-c09

Formation of Vortices within the Mie Theory 297

Figure 9.7 Poynting vector field in the vicinity of the quadrupole resonance

at q = 0.02. (a–c) correspond to different values of ε with the far-field

scattering diagrams shown in Fig. 9.5.
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Figure 9.8 The dipole and quadrupole amplitudes versus dielectric

permittivity for q = 0.1. Interference and Fano resonance shown in Fig. 9.4

occurs in the vicinity of ε ≈ −1.5 where the dipole amplitude is five orders

of magnitude smaller than the resonance quadrupole amplitude.

9.5 Scaling of Fano Resonances in Plasmonic
Nanostructures

Although a majority of plasmonic structures with Fano resonances

suffer from scaling, there exists an important exception for the

structures with the cylindrical symmetry. For such structures, all

surface plasmon resonances at small values of the size parameter

q → 0 start from the same value ε = −1. This, in principle,

permits the creation of Fano resonances with extreme nano-size in

the visible regime, see Fig. 9.9. Here, āi denotes the corresponding

amplitude of the electric scattering coefficients within the Mie

theory for the cylinder [20–22]. Here, a bar is used to distinguish

these scattering amplitudes for spheres and cylinders. In the

cylindrical nanowire, the surface plasmons are excited in the case

of the perpendicular polarization, E ⊥ z (TE-mode), and, thus are

not excited with E || z (TM-mode) [20]. For the case of TE-mode
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and normal incidence, the scattering efficiency Qsca is given by the

expression

Qsca = 2

q

∞∑
� = −∞

| ā� |2. (9.9)

In this definition of q = kR , R is the physical radius of the nanowire.

The scattering amplitudes ā� (electric) are defined by the well-

known formulas [3, 20]. However, it is convenient to write these

formulas by separating the real and imaginary parts

ā� = ��

�� + i ��

, (9.10)

where the functions �� and �� are given by:

�� = n J � (nq) J ′
� (q) − J ′

� (nq) J � (q) ,

�� = n J � (nq) N ′
� (q) − J ′

� (nq) N� (q) , (9.11)

where J � (z) and N� (z) are the Bessel and the Neumann functions.

The strokes in (11) indicate differentiation with respect to the

argument of the function, that is, J ′
� (z) ≡ d J � (z)/dz, etc. The

refractive index n = √
ε, ε is the relative dielectric permittivity,

ε = εp/εm. Indices “p” and “m” indicate wire and ambient media.

The coefficients ā� are symmetric: ā−� = ā�. The scattering cross-

section is defined as σsca = 2 R L Qsca, where 2 R L is a geometrical

cross section (the length of the cylinder L >> R). In the case of

nondissipative material, I m ε = 0, amplitudes ā� reach the maximal

value ā� = 1 along the trajectories on the {ε, q} plane defined by the

equation �� (ε, q) = 0. Three trajectories for � = 1 (dipole), � = 2

(quadrupole), and � = 3 (octopole) are shown in Fig. 9.9.

The lowest Fano resonance appears due to the interference of the

dipole and quadrupole modes. Similar to the spherical counterpart

[1], this resonance can be predicted and interpreted with differential

forward and back scattering cross-sections, QFS and QBS. These

cross-sections for cylinders can be defined by the formulas:

QFS = 2

πq
| f0|2 , QBS = 2

πq
| fπ |2 , (9.12)

where

f0 =
∞∑

�=−∞
(−i)�e−iπ�/2ā�, fπ =

∞∑
�=−∞

(−i)� (−1)� e−iπ�/2ā�.

(9.13)
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Figure 9.9 Trajectories of the first three optical electric resonances: a1

(dipole), a2 (quadrupole), and a3 (octopole) for a cylinder. Insets show plots

of dipole (red) and quadrupole (blue) and octupole (green) resonances

versus the size parameter q at ε = −1.02. Monopole mode a0 for a cylinder

is not shown because it appears at higher values of q values, see in Ref. [20].

When the size parameter q becomes of the order of unity, we

observe the Fano resonance related to an overlap of different modes,

for example, dipole–quadrupole and dipole–octopole interference,

similar to the case of the Mie theory for spheres. However, with

q << 1 in cylindrical structures, all surface plasmon resonances

converge at ε = −1. This permits the existence of a nanoscale Fano

resonance in the visible light. Hence, we find that the Fano resonance

has no size limitation in cylindrical configuration and nondissipative

media.

An attractive property of plasmonic structures with Fano

resonances is that the spatial distribution of scattered light strongly

depends on the frequency [20]. In the vicinity of the Fano resonance,

the far-field radiation exhibits strong asymmetry in the radiation

pattern, as depicted in Fig. 9.10. In Fig. 9.11, we show the scattering

diagrams for the frequencies near the Fano resonance for a

nondissipative plasmonic cylinder. The switching is very sensitive to

the perturbation of the frequency of the incident light (consequently
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Figure 9.10 Forward and back scattering cross-sections for a nanowire

with the size parameter q = 0.2. Inset is a zoomed-in view near the new

Fano resonance for nanoparticles.

a perturbation in material permittivity), which is verified in Fig. 9.11.

It is important that this variation with cylindrical structures can be

reached with very small values of the size parameter q << 1, and it

can be employed in applications such as optical storage, sensing, or

optical switching.

As mentioned above, dissipation strongly suppresses the ability

to observe Fano resonances for spherical particles. In fact, the

problem of dissipation is critical for any structures with Fano

resonance. Thus, the minimal size on the structure with Fano

resonance is limited by dissipation. Fortunately, the effect of

dissipation is not so strongly pronounced for the structures with the

cylindrical symmetry. We consider the frequency dependence of the

dielectric permittivity with the help of the Drude formula

ε (ω) = 1 − ω2
p

(ω2 + γ 2)
+ i

γ

ω

ω2
p

(ω2 + γ 2)
, (9.14)

where ωp is the plasma frequency and γ is the collision frequency.

The effect of a finite size of a nanowire is taken into account by the

renormalization of γ , γ = γ∞ + A vF
R , where γ∞ is the collision
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Figure 9.11 Scattering diagrams for the frequencies near the Fano

resonance for a nanocylinder with the size parameter q = 0.2. A dramatic

variation in scattering is observed with �ε/ε ≈ 1.6 · 10−3.

frequency for bulk a material, vF is the Fermi velocity, and A is a

normalization coefficient that depends on the material, see Ref. [11].

As expected, an increase of the collision frequency γ leads to

a fast degradation of the Fano resonance, as seen in Fig. 9.12.

Nevertheless, for a cylinder in contrast to a sphere, it is possible to

observe pronounced Fano resonance at the nanoscale with weakly

dissipated metals, for example in nanowires with the radius of 30–

40 nm. As an example, in Fig. 9.13, we show the result of calculations

for a Na nanowire in the NaCl matrix. In this case, Fano resonance

can be clearly seen at R > 30 nm. Approximately the same results

for minimal R follow for a K nanowire in the KCl matrix and an Al

nanowire in vacuum.

9.6 Vortices near Fano Resonances in Plasmonic
Nanowires

Light scattering by a thin nanowire with a surface plasmon

resonance is accompanied by bifurcations of the Poynting vector
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Figure 9.12 Fano resonance in the backscattering cross-section caused by

the dipole-quadrupole interference for a nanowire with the size parameter

q = 0.3.

field exhibiting singular points and optical vortices [20]. In contrast

to vortices shown in Fig. 9.7, optical vortices in cylindrical structures

appear near the well pronounced Fano resonances similar to that

shown in Fig. 9.10. An example of vortices in the near-field scattering

of cylindrical structures with Fano resonance can be seen within the

distributions of the Poynting vector shown in Fig. 9.14.

A majority of practically realized optical vortices have the

characteristic size larger than the diffraction limit, for example,

the core of an optical vortex is of the order of 10 μm [19]. In

contrast, here we demonstrate optical vortices localized on the scale

smaller than 100 nm, that is, two orders of magnitude smaller.

Thus, the “nano-Fano” resonances provide a route toward nanoscale

optical vortices substantially different from the singularities of

conventional optical fields. The unique ability to control topology of
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Figure 9.13 Efficiencies of the FS and BS for Na nanowires of a different

size embedded in a NaCl matrix.

Figure 9.14 Poynting vector field for the light scattering by nondissipative

plasmonic cylinder with the size parameter q = 0.2. Two plots correspond

to forward and back scattering diagrams in Fig. 9.10. The background

color in the contour plot shows the absolute value of the Poynting vector

S =
√

S2
r + S2

φ (logogriphic scale, see 3D plots in the insets). Lines show

separatrices of the Poynting vector. Red circles mark the singular points.

In the case of forward scattering (a), one can see 14 singular points out of

the particle, and 4 vortices; (b) there are 14 singular points and 6 optical

vortices. The insets show the magnitude of energy flux S in the x-y plane.
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the electromagnetic wave distribution by small variation of the light

frequency in the vicinity of the Fano resonance looks very promising

for applications of topological optics, for example, in quantum optics.

The further enhancement of Fano resonance and vortices can

be achieve by introducing anisotropy effects [22]. As an example,

we consider a nanorod with radial anisotropy in the electrical and

magnetic properties, which are different in normal and tangential

directions. In the cylindrical coordinates, both tensors εi j and μi j

are diagonal with the components εrr = εr , εθθ = εzz = εt , and

μrr = εr , μθθ = μzz = μt . Assuming for the fields the harmonic time

dependence, ∝ exp [−iωt] we can convert Maxwell’s equations to

the wave equation, see details in [22]. Solution of this equation for

the scattered field H (s)
z is given by

H (s)
z =

� = ∞∑
�= − ∞

i �
[

J � (k0r) + b̄� H (1)
� (k0r)

]
ei � θ , (9.15)

where k0 is the wavevector in vacuum, J � (q) and H (1)
� (q) are the

Bessel and Hankel functions, and electric scattering amplitude b̄� is

presented by the expressions

b̄� = − ��

�� + i ��

, (9.16)

�� = √
εtμt J �

√
εr
εt

(√
εtμtq

)
J ′
� (q) − μt J � (q) J ′

�
√

εr
εt

(√
εtμtq

)
,

(9.17)

�� = √
εtμt J �

√
εr
εt

(√
εtμtq

)
Y ′

� (q) − μt Y� (q) J ′
�
√

εr
εt

(√
εtμtq

)
,

(9.18)

where Y� (q) is the Neumann function. Note that the Bessel function

index �
√

εr
εt

is no longer a conventional integer. The exact optical

resonance corresponds to the situation when �� = 0, which leads

to the condition
∣∣b̄�

∣∣ = 1. A small variation of the ratio εr/εt

leads to a shift of the surface plasmon resonances and to the Fano

resonance, see Fig. 9.15. It demostrates directional scattering versus

asymmetry, similar to Figs. 9.1b and 9.5.

Finally, in Fig. 9.16, we show the distribution of the Poynting

vector field with vortices on the scale of the cylinder cross-section.

Importantly, the positions of some boundary singularities and

corresponding vortices depend on the degree of anisotropy.
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Figure 9.15 FS and BS for a nanowire with size parameter q = 0.1 and

εr = −1 versus εt .

Figure 9.16 Distribution of the Poynting vector |S| and singular points for

a nanowire with size parameter q = 0.1 and εr = −1: (a) isotropic cylinder

εt = −1; (b) and anisotropic ones εt = −1.0065, (c)εt = −1.0067835, and

(d) εt = −1.0071, respectively.
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9.7 Concluding Remarks

Scaling of the Fano resonances in nanostructures has been discussed

in a few papers, see for example Refs. [2, 10, 22, 23]. Typically, the

pronounced Fano resonance can be observed for the structures with

the size parameter of the order of unity. In practice, the smallest

experimentally realized plasmonic structures demonstrating Fano

resonances have the characteristic size of 100 nm and above

[10]. A challenge with the Fano resonance scaling has a deep

physical reason related to different resonant frequencies of the

interfering resonances, which lead to a strong suppression of the

Fano resonance for nanostructures with small values of the size

parameter.

Here, we have studied the scaling of the Fano resonance for the

nanostructures with spherical and cylindrical symmetries. We have

found that the cylindrical geometry is less sensitive to the material

dissipation in comparison with the spherical geometry. In contrast

to the spherical nanostructures, all surface plasmon resonances in

small cylindrical metallic structures appear at the same frequency

corresponding to the value ε = −1. This permits the scaling

and allows finding the intricate interconnection between near-field

distribution and far-field scattering. The attractive property of small

plasmonic structures is the coexistence of the Fano resonance and

singular optics effects that allow to control optical vortices at the

nanoscale, with the size of vortices being two orders of magnitude

smaller than the conventional vortices discussed previously [14, 24].

As we mentioned above, the realization of the “nano-Fano”

plasmonic structures requires materials with weak dissipation. In

addition to natural low loss materials such as K, Na, and Al, a

promising way is to synthesize new weakly dissipative materials

such as alloys [25]. Another approach is to compensate losses

by employing the concepts of active plasmonics [26] or to use

anisotropy effects [22, 27]. Realization of extremely small structures

with a pronounced Fano resonance is very attractive for various

applications in the data storage technology, nanosensors, and

topological optics.
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