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An explicit relationship between a magnetization vector M and its saturation magnetization Ms is derived
using the deﬁnition of M along with assumptions of the continuum exchange theory. The obtained
expression is found to be an extension of the commonly used ﬁxed-length constraint and represents the
continuous analog of it for the elementary moment per unit volume. The derivation of this relation is
carried out in detail and important potential implications relating to equations for M are also highlighted.
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1. Introduction
Continuum micromagnetics describes the continuous magnetization vector ﬁeld M(x,t), where x is a position vector and t is
time. Well known formulations such as the Landau–Lifshitz [1] or
Landau–Lifshitz–Gilbert [2] equations are also known to preserve
the magnitude of M, locally, as a function to time. This constraint
is more formally given by [3]
2

9M9 ¼ Ms2

ð1  1Þ

While there are many problems well described using the constraint given in (1-1), there are also known experimental conditions
that are at odds with it. For example, in the case of ferromagnetic
materials transitioning to paramagnetic behavior in ﬁnite temperature, it is probable that this constraint is not met strictly below the
Curie temperature, since it is clearly not met by paramagnetic
materials, which are capable of spontaneously forming nonzero M
upon application of an external ﬁeld. Sample size has also been
shown to affect nearly all magnetic material parameters, which
includes reductions in measurements of 9M9 [4,5], relative to known
saturated values of the bulk. More generally, these results suggest
2

9M9 r Ms2

ð1  2Þ

There are important technological developments where these
points are of immediate interest, for example, in heat assisted
magnetic recording (HAMR) [6], where heat is functional in the
operation of the magnetic system. Several efforts have been made
n
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to address these kinds of concerns, primarily, with temperature.
One example [7] has used the Fokker–Planck equation to obtain a
Landau–Lifshitz–Bloch type equation, which inherently removes
the condition in (1-1) by appending a longitudinal relaxation term.
It has been deployed by some, e.g. [8]. Atomistic and stochastic
approaches appear to be a more common approach in avoiding the
LLG, which conserves 9M9, e.g. [9]. Our interest in this problem is
demonstrated by taking a ‘step back’ to examine condition (1-1)
more directly. From where does (1-1) originate? It follows from the
observed behavior of an electron spin [10,11]. Under the assumption that the driving magnetic ﬁeld is macroscopic, it is a direct
extension of equations for electron spins (with phenomenological
damping), thus also satisfying (1-1) for M. However, a macroscopic
measurement, which spans over a local region of a material,
measures a moment density, rather than a spin’s moment directly.
One may inquire about the square of the moment per unit volume
and whether it really does inherit the condition of (1-1). One of the
key points of this work is to show that, in fact, it does not inherit
the condition of (1-1). Using assumptions and existing concepts
introduced by the continuum exchange theory along with the
deﬁnition of M (dipole moment per unit volume or elementary
moment), a constraint relation between M and Ms is explicitly
derived. From this analysis, we ﬁnd a relationship that appears to
be a natural extension to the condition given in (1-1) for the
quantity deﬁned as the moment per unit volume, and it is also
shown to be consistent with (1-2). Important potential implications of this extended constraint are also discussed.
The paper is, thus, organized as follows. In Section 2, a review
of the continuum exchange theory is given highlighting essential
points that are used in the derivation of the constraint. In Section
3, the relation between M and Ms is derived. In Section 4, the
potential implications of the obtained relation are brieﬂy mentioned, and ﬁnally in Section 5, summary remarks are given.
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2. Review of the continuum exchange theory
The ferromagnetic exchange energy arises from a mechanism
whose origins are on an atomic or subatomic length scale. Speciﬁcally, there exists a form of energy associated with atomic interactions between electron spins giving rise to preferred alignment. This
ordering only includes nearest neighbors that may possess overlapping wave functions with the spin Sk (see Fig. 2.1) [12].
A representation of the total exchange energy for a collection
of spins is given in the Heisenberg form by
X
EX ¼ 2J
Si USk
ð2  1Þ
i4k

!
@2 ax,k
@2 ax,k 2
@2 ax,k
2
y z þ
z x
z 72
þ Oðxik yik zik Þ
@y@z ik ik
@z@x ik ik
@z2 ik

ð2  4Þ

xik (yik, zik) is the inter-spin distance along the x (y, z)
coordinate between spins i and k. Using expansions of the form
given in (2-4), and truncating all the terms above the 4th order,
and taking advantage of cancellations of the odd order terms due
to symmetry, a form of the energy as a function of the direction
cosine and their spatial derivatives up to 2nd order at moment k
may be obtained. For case of BCC, the form of energy depending
on space is given by
2

J is the (scalar) exchange integral for each interaction (i,k),
which is assumed isotropic [13]. It is a measure of the degree of
exchange coupling strength between each pair of overlapping
wave functions [12]. This convention, relevant to ferromagnetism,
expresses the exchange energy so that parallel spins have a lower
energy (more negative) than the antiparallel spins.
The next step is to apply operations to (2-1) that are only suitable
for continuous functions. However, in its current form, some needed
operations are not well deﬁned as it is applied, for example, in the
Hamiltonian of the quantum mechanical spin system. However,
continuous methods are permissible if the system is assumed to
contain a sufﬁciently large number of spins S so that a given ﬁnite
angle of variation (e.g. j r p) may be achieved across many spins,
and the nearest neighbors may, on averaging, have very closely
aligned spins [13]. Then, (2-1) becomes
X
X
EX ¼ 2JS2
ai Uaj ¼ 2JS2 cos jn
ð2  2Þ
i4j

n

Index n in (2-2) counts the number of interactions. The
direction cosines for the spin vector are represented in a vector
a deﬁned by
h
iT
a ¼ S=S ¼ ax ay az
ð2  3Þ

It is noted that this assumption in the continuum exchange
theory consequently leads to the concept of the classical elementary dipole moment given by Sa. This subtle and important step
now allows the use of continuum operations.
To express (2-2) as an energy density, expansions of the
direction cosines are used. To this end, the direction cosines of
all the nearest neighbors, upon expanding, take the general form

ax,i ¼ ax,k 7 xik

@ax,k
@a
@a
7 yik x,k 7zik x,k þ. . .
@x
@y
@z

@2 ax,k
@2 ax,k 2
1 @2 ax,k 2
xik yik þ
xik 72
y 7. . .
2
2!
@x@y
@x
@y2 ik

EX,k ¼ 

JS2 Na
ak Ur2 ak
4

ð2  5Þ

The ﬁnal energy density is given by dividing by the volume of
the unit cube v0 ¼ a3 and substituting N ¼8 for BCC, leading to
eX ¼ EX =v0 ¼ 

2JS2
2
aUr2 a ¼ ABCC
X aUr a
a

ð2  6Þ

In (2-10), ABCC
X may be deﬁned as the exchange stiffness constant (energy per unit length), i.e.
¼
ABCC
X

2JS2
a

ð2  7Þ

Another common form of the exchange energy uses a ﬁrst
order spatial variation, which is easier in applications. This form
comes from the following identity with the elementary moments
under the assumption that the spin vector length is conserved
everywhere, leading to

r2 ðaUaÞ ¼ 0 ¼ 2aUr2 a þ 2raUra

ð2  8Þ

The validity of (2-8) also proves
2

aUr a Z0

ð2  9Þ

Under the assumption that (2-8) holds, it leads to the alternative result
eX ¼ AX raUra

ð2  10Þ

Now let us summarize the key points of the exchange theory
that are used in the next section to obtain an explicit relationship
between the magnetization and its saturation:
a. A sufﬁciently large number of moments is within a unit
volume allowing continuum approximations.
b. A classical unit moment vector S may be deﬁned from which
the magnetization behavior may be found from these elementary moments.
c. Using expansions of direction cosines, the ﬁnal energy expression is found by truncating terms above 3rd order and also
assuming high geometrical symmetry of the elementary
moments.

3. Derivation of an extended relation between
M and Ms

Fig. 2.1. Example of a body-centered cubic (BCC) lattice cell with a central spin
with 8 nearest neighbors.

The magnetization vector M is deﬁned as the volume average
of the magnetic dipole moment or elementary moment, m. With
this deﬁnition, m is thus proportional to the continuum spin
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vector S. For a unit volume v (i.e. v ¼1), M can be expressed as
M¼

N
X

1
m
Nj¼1 j

ð3  1Þ

N is the effective number of elementary moments within the
unit volume. In the exchange theory, it is the elementary
moments that are assumed to have ﬁxed length, denoted by
9mj 9 ¼ Ms

Using (3-2) gives
2
3
2
2 NX
N
~
a
Ms2 4
2
2
9M9 ¼ 2 N þðN2 NÞ þ
a Ur aj 5
2! j ¼ 1 j
N

3

ð3  9Þ

or
2
3
2 2 N
Ms2 4 2 a~ NX
2 5
9M9 ¼ 2 N þ
a Ur aj
2! j ¼ 1 j
N
2

ð3  10Þ

ð3  2Þ

Given (3-1) and (3-2), the relationship between M and Ms is
examined. Speciﬁcally, using the approximations established in
the continuum exchange theory reviewed in the previous section,
along with the deﬁnition of M given in (3-1), a relationship
between M and Ms is obtained directly.
Taking a dot product of M with itself leads to
2
3"
#
N
N
X
1
1X
2
mj 5
mk
9M9 ¼ 4
ð3  3Þ
Nj¼1
Nk¼1

The summation in (3-3) may be partitioned into two parts by
considering terms with the same and unique indices. This leads to
2
3
N
X
1 4 X
2
ð3  4Þ
m Umj þ
mj Umk 5
9M9 ¼ 2
N j¼k¼1 j
jak
Using (3-2) for the elementary moment, (3-4) reduces to
2
3
X
Ms2 4
2
9M9 ¼ 2 N þ
ð3  5Þ
aj Uak 5
N
jak
For the second term arising from distinct indices, Taylor series
expansions of the direction cosines of ak with respect to aj may be
used in the same way as in the exchange theory, allowing (3-5) to
be written as
2
!3
N
N
1
X
X
a2jk 2
Ms2 4
2
9M9 ¼ 2 N þ
ð3  6Þ
aj aj þ r aj 5
2!
N
j ¼ 1 k ¼ 1, a j
In (3-6), ajk represents an effective distance between elementary moment pairs (j,k) that possess misalignment within the unit
volume. It is, therefore, a function of the atomic structure of the
material and in general, its value will be different for distinct
cases such as simple cubic, face-centered cubic, body-centered
cubic, etc. Because the length scale of the distances between the
elementary moments may be near to that of the atomic ordering,
we use an average distance a~ between the moments within the
unit volume and thus (3-6) becomes
2
!3
2
N
N
1
X
X
a~
Ms2 4
2
2
9M9 ¼ 2 N þ
ð3  7Þ
aj aj þ r aj 5
2!
N
j ¼ 1 k ¼ 1, a j
The average distance thus represents a length scale for the
variation between the elementary moments.
Partitioning the summation and using the fact that it no longer
depends on k leads to
2
3
2 N
2 2 N
NX
a~ NX
Ms2 4
2
2 5
9M9 ¼ 2 N þ
ð3  8Þ
aj Uaj þ
a Ur aj
2! j ¼ 1 j
N
j¼1

The following may be observed from (3-10): due to the fact
that the second term arises when the second index is not equal to
the ﬁrst (i.e. distinct moments), the derivative terms are therefore
generally nonzero, and thus should be retained for determining
the relationship between M and Ms. The second term in the sum
of (3-10) therefore suggests the source of the contributions to an
extension of the current relationship in (1-1).
Since j is unique only from 1 to N, (3-10) contains N  1
repeated sums; thus, it may be alternatively written as
2
3
2 N
Ms2 4 2 ðN1Þa~ X
2
2 5
9M9 ¼ 2 N þ
ð3  11Þ
aj Ur aj
2!
N
j¼1

The square of M is now given by
2

9M9 ¼ Ms2 þ

N
ðN1Þa~ 2 Ms2 X
aj Ur2 aj
2
2!
N j¼1

ð3  12Þ

For convenience, Eq. (3-12) may also be expressed as
0
1
2
N
Ms2 ðN2 NÞa~ @ 1 X
2
2 A
2
ð3  13Þ
9M9 ¼ Ms þ
a r aj
Nj¼1 j
2!N2

Because the coefﬁcient in the second term is positive in (3-13),
and given relation (2-9), (3-13) also establishes the inequality
given by
2

9M9 r Ms2

ð3  14Þ

The expression given in (3-13), however, is not so useful, as
the direction cosines correspond to the elementary moment mj.
To express it in a relevant form, one needs to determine the
relationship between the Laplacian of the elementary moments
Ms r2 a and its analog for M.
Using (3-1), an evaluation of the scalar vector product of M
and its vector Laplacian r2 M leads to
2
3"
2
3"
!#
#
N
N
N
N
2 X
X
X
Ms2 4 X
M
2
2
s
MUr M ¼ 2
aj 5 r
ak ¼ 2 4
aj 5
r2 ak
N j¼1
N j¼1
k¼1
k¼1
ð3  15Þ
Partitioning again leads to
2
3
N
X
Ms2 4 X
2
2
a Ur aj þ aj Ur ak 5
MUr M ¼ 2
N j¼1 j
kaj
2

Next, we expand the Laplacian, leading to
2
!3
2
N
X
a~
M2 X
MUr2 M ¼ 2s 4
aj Ur2 aj þ aj U r2 aj þ r4 aj 5
2!
N j¼1
kaj

Please cite this article as: K. Eason, B. Luk’Yanchuk, J. Magn. Magn. Mater. (2011), doi:10.1016/j.jmmm.2011.03.005

ð3  16Þ

ð3  17Þ

4

K. Eason, B. Luk’Yanchuk / Journal of Magnetism and Magnetic Materials ] (]]]]) ]]]–]]]

4. Potential implications of the extended relation between
M and Ms

Regrouping the summation in (3-17) gives
2

MUr2 M ¼

0

13

N2
N
Ms2 4 X
ðN1Þ @ X
2
a
U
r
a
þ
aj Ua~ 2 r4 aj A5
j
j
2!
N2 j ¼ 1
j¼1

ð3  18Þ

The second term on the RHS in the summation of (3-18) involves
fourth order terms for the elementary moment, which have ﬁxed
length. The theory of exchange already supposes these terms to be
negligible as they are truncated. Therefore, truncation leaves us with
MUr2 M 

N2
Ms2 X
aj Ur2 aj
N2 j ¼ 1

ð3  19Þ

Because j is only unique from 1 to N it allows (3-18) to be
alternatively written as
0

1
N
X
1
2
MUr M  Ms2 @
a Ur aj A
Nj¼1 j
2

ð3  20Þ
5. Summary and conclusions

Eq. (3-20) may now be used in Eq. (3-13) leading to the
following:
2

9M9 ¼ Ms2 þ

Ms2 ðN2 NÞa~
2!N2

2



1
MUr2 M
Ms2

In magnetism, the constraint for the magnetization vector is
imposed in a LaGrangian to obtain the equations of motion that
satisfy, both, the energy minimum condition and the constraint
simultaneously [14]. As an extended constraint has been found
here, the implications are that the extended equations of motion
for M may be obtained using condition (3-22) instead of (1-1). An
early analysis of these effects includes, for example (1) the effect
of the parameter a~ on equilibrium solutions, for example, many
works have been done on the classical calculations that determine
transitions from a ﬂower state to a vortex state; thus what effects
may be found on the critical sizes like those studied in [15–18],
and (2) the effect of a new exchange term on the behavior of the
dynamics of a magnetization vector. Although it is not within the
scope of this work to address these points, these kinds of
questions concerning the equations of motion are also being
investigated in future works.



ð3  21Þ

We have presented an explicit derivation of a relationship
between M and Ms using the existing continuum exchange theory
along with the deﬁnition of a magnetization vector M. The
resulting relation is seen to be an extension of the ﬁxed-length
constraint, and suggest Ms as an upper bound for 9M9.
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After simplifying and taking the limit as N approaches inﬁnity
for a continuum theory, one obtains
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9M9 ¼ Ms2 þ

2
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2
MUr M
2

ð3  22Þ

The interpretation of the parameter a~ as the average distance
between misaligned moments within the unit volume also suggests
that it correlates with the variation length of the moment vector or
an exchange length ‘x , which is already estimated in the existing
ﬁxed-length micromagnetics theory using parameters such as
saturation magnetization Ms, exchange stiffness AX, and/or the
anisotropy constant K. Well known length scales are typically given
by the ratio of exchange energy density to other important energy
(density) contributions. For example, a well known expression for
the exchange length characterizing a Neel wall is given by
‘x 
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2AX =m0 Ms2

ð3  23Þ

Using this, (3-22) may also be expressed as
2

2

9M9 ¼ Ms2 þ k‘2x MUr M

ð3  24Þ

k is a convenient number on the order of unity.
Eq. (3-22) is a constraint relation between the magnetization
vector M and Ms, which follows directly from its deﬁnition and
the theory of continuum exchange for the elementary moments.
It can also be seen that the current constraint of ﬁxed length given
in (1-1) is a lower order approximation of (3-22).

[1] L.D. Landau, E.M. Lifshitz, On the theory of the dispersion of magnetic
permeability in ferromagnetic bodies, Phys. Z. Sowjet. 8 (1935) 153–169;
L.D. Landau, D. ter Haar. (Eds.), Collected Papers, Gordon and Breach,
New York, , 1967.
[2] T.L. Gilbert, A phenomenological theory of damping in ferromagnetic materials, IEEE Trans. Mag. 40 (2004).
[3] W.F. Brown Jr, The fundamental theorem of the theory of ﬁne ferromagnetic
particles, Ann. N.Y. Acad. Sci. 147 (1969) 463–488.
[4] E.F. Kneller, F.E. Luborsky, Particle size dependence of coercivity and
remnance of single-domain particles, J. Appl. Phys. 34 (1963).
[5] J.P. Nibarger, R. Lopusnik, Z. Celinski, T.J. Silva, Variation of magnetization and
Lande g factor with thickness in Ni–Fe ﬁlms, Appl. Phys. Lett. 83 (2003)
93–95.
[6] M. Kryder, et al., Heat Assisted magnetic recording, Proc. IEEE 55 (2008)
1810–1835.
[7] D.A. Garanin, Fokker–Planck and Landau–Lifshitz–Bloch equations for classical ferromagnets, Phys. Rev. B 55 (1997) 3050–3057.
[8] N. Kazantseva, et al., Towards multiscale modeling of magnetic materials:
simulations of FePt, Phys. Rev. B 77 (2008) 184428.
[9] R.W. Chantrell, W. Scholz, Y. Peng, X.W. Wu, G.P. Ju, and J. Presessky, Cluster
size and exchange interactions in perpendicular media, in: Proceedings of the
Magnetic Recording Conference (TMRC), San Diego, USA, August 2010.
[10] R. Feynman, et al., Feynman Lectures on Physics, Volume III, Addison-Wesley
Publishing Company, 1966 (Chapter 7).
[11] C. Boeglin, et al., Distinguishing the ultrafast dynamics of spin and orbital
moments in solids, Nature 465 (2010) 458–461.
[12] D.A. McQuarrie, Quantum Chemistry, University Science Books, 1983
pp. 343–354.
[13] C. Kittel, Physical theory of ferromagnetic domains, Rev. Mod. Phys. 21
(1949) 541–583.
[14] W.F. Brown, Micromagnetics, Interscience (1963).
[15] M. Schabes, H.N. Bertram, Magnetization processes in ferromagnetic cubes,
J. Appl. Phys. (1988) 1347–1357.
[16] M. Schabes, Micromagnetic theory of non-uniform magnetization processes
in magnetic recording particles, J. Magn. Magn. Mater. 95 (1991) 249–288.
[17] N.A. Usov, S.E. Peschany, Modeling of equilibrium magnetization structures
in ﬁne ferromagnetic particles with uniaxial anisotropy, J. Magn. Magn.
Mater., Letter to the Editor 110 (1991).
[18] N.A. Usov, S.E. Peschany, Magnetization curling in a ﬁne cylindrical particle,
J. Magn. Magn. Mater., Letter to the Editor 118 (1993).

Please cite this article as: K. Eason, B. Luk’Yanchuk, J. Magn. Magn. Mater. (2011), doi:10.1016/j.jmmm.2011.03.005

