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3.1 Introduction
Resonant nanoparticles made of high-refractive index dielectric and semiconductor
materials constitute the main building blocks for dielectric nanoantennas, metamaterials and metasurfaces. Light scattering by these nanoparticles is controlled by their
Mie multipolar resonances and resonant interference effects. Understanding of the
light scattering, including its efficiency and directivity, is important for future applications of these nanostructures as fundamental building blocks for resonant metadevices.
In conventional resonant plasmonics, which has been studied extensively over the
last few decades, nanoparticle resonances are mainly limited to electric multipole series. Interference of these electric resonances of different types, e.g. between electric
dipoles and quadrupoles of the same particles or electric dipoles or multipoles of
different particles, leads to the so-called Fano resonance phenomena, which provide
additional means to control scattering strength and directivity. In contrast to plasmonics, in dielectric nanostructures it is possible to efficiently excite both electric and
magnetic multipolar modes. In this case, in addition to conventional Fano interference,
there is a broad range of new resonant effects associated with interference between
electric and magnetic multipoles. These phenomena, often referred to as Kerker or
generalized Kerker effects, form the basis for a number of new resonance properties
exhibited by dielectric nanoantennas and metasurfaces. Thorough control of resonant
multipole excitation inside dielectric particles and their interference is key to design
resonant dielectric metadevices.
In this chapter, we will review the major resonant phenomena associated with single
high-index dielectric nanoparticles and nanoparticle structures and draw a perspective
on application of these properties to design dielectric nanoantennas, metasurfaces and
other resonant metadevices.
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3.2 Resonant light scattering by single dielectric
nanoparticles
Light scattering by a spherical particle in a medium, both isotropic and homogeneous,
is a classical problem having an analytical solution published by Gustav Mie in the
beginning of twentieth century, nowadays referred to as Mie theory [1,2].
By applying the Mie theory, it is possible to compute the scattering efficiency, Qsca ,
defined as the ratio between the scattering and geometrical cross-sections of a particle
through the simple formula (see a previous chapter of this book):
Qsca =

∞
2 
(2l + 1)(|al |2 + |bl |2 ),
2
qm

(3.1)

l=1

where l is the index numbering of the orbital modes: dipolar (l = 1), quadrupolar
(l = 2), octupolar (l = 3), etc. The electric, al , and magnetic, bl , scattering amplitudes
are given by
al =

Rl(a)

;
(a)
(a)
Rl + il

bl =

R(b)
l
(b)

(b)

Rl + il

,

(3.2)

where, for non-magnetic media,
  
 

R(a)
l = np ψl qp ψl (qm ) − nm ψl (qm ) ψl qp ,
 
 
(a)
l = np χl (qm ) ψl qp − nm χl (qm ) ψl qp ,
 
  

R(b)
l = np ψl (qm ) ψl qp − nm ψl qp ψl (qm ) ,
 
 
(b)
l = np χl (qm ) ψl qp − nm χl (qm ) ψl qp .
(3.3)


πz
Here the functions ψl (z) = πz
2 Jl+ 12 (z) and χl (z) =
2 Nl+ 12 (z) are expressed
through the Bessel and Neumann functions [2]. We use the subscripts m and p to
denote the values referring to the external medium and the particle, with refractive
indices nm and np , respectively. In the expressions above, qm = qnm and qp = qnp .
The symbol q represents the so-called size parameter, defined as q = ωR/c = 2πR/λ,
with ω and λ being the angular frequency and the wavelength in vacuum of the incoming wave, respectively, and R the radius of the particle.
Eq. (3.1) can also be expressed as
Qsca =

∞

(e)
(m)
(Ql + Ql ),

(3.4)

l=1
(e)
2 and Q(m) = 2(2l + 1) |b |2 /q 2 are the partial elecwhere Ql = 2(2l + 1) |al |2 /qm
l
m
l
tric and magnetic scattering efficiencies associated with the multipolar moment of
lth order. A similar analytical solution can also be found for an infinite cylinder (see
Chapter 8, Section 8.4 in [2]).
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Figure 3.1 Mie resonances of a spherical particle. (A) Scattering efficiency vs. dielectric permittivity ε
(lossless particle, size parameter q = 2π R/λ = 0.5, where R is the particle radius and λ is the wavelength
of light) for plasmonic (ε < 0) and dielectric (ε > 0) materials: ed is for electric dipole, corresponding to
(e)
(e)
(m)
Q1 , eq for electric quadrupole, corresponding to Q2 , md for magnetic dipole, corresponding to Q1 ,
(m)

and mq for magnetic quadrupole, corresponding to Q2 , resonances. Higher-order multipole modes are
not shown for the sake of simplicity. (B) Scattering efficiency of a lossless dielectric particle as a function
of refractive index and size parameter. (C) Illustration of the structure of the electric and magnetic fields for
different electric and magnetic resonances supported by a spherical dielectric particle [3].

The solution of this problem reveals, under certain circumstances, a resonant behavior of light scattering, whose characteristics, namely its spectral position and amplitude, depend on the particle material, size and environment. For particles made of
metals with the real part of the dielectric permittivity function close to −2 the so-called
plasmonic resonances start to appear with the first fundamental mode being electric
(e)
dipole, associated with the Q1 term in Eq. (3.4), followed by electric quadrupole,
octupole and high-order electric multipolar modes (Fig. 3.1A) [3]. The magnetic mul(m)
tipole response, associated with the Ql terms, is negligible for metallic spheres with
a size smaller compared to the wavelength of light. To create a magnetic resonance
with metallic elements, one should change the particle geometry. For example, magnetic response can be generated using a split-ring resonator configuration [4]. This
structure behaves as an effective LC circuit exhibiting, at resonance, a strong enhancement of the magnetic field in the center of the ring. The magnetic response of
split rings, however, saturates at high frequencies, for which the system also presents
large dissipative losses [5]. For dielectric spheres with small refractive index (<2)
lower-order modes are not strongly pronounced while higher, whispery gallery-type,
modes may have sharp resonances opening many application opportunities in sensing,
nanoscale light focusing and nanoscopy [6]. However, the size of such low-index resonant particles is typically of the order or above the free-space resonant wavelength
making them irrelevant for the field of nanoantennas, particularly those used in meta-
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surfaces and metamaterials, for which their constituents should have sub-wavelength
sizes. In contrast, for dielectric materials with refractive index larger than 2 the first
fundamental resonance mode is a strongly pronounced magnetic dipole followed by
electric dipole, magnetic and electric quadrupoles and other higher-order multipolar
modes [7,3], as shown in Figs. 3.1A, B, and C. The diameter of a resonant high-index
dielectric sphere at the magnetic dipole resonance is approximately equal to the wavelength of light inside the high-index dielectric material, λ/np , which is significantly
smaller than the free-space resonant wavelength, λ, for high values of refractive index,
np [8]. The fact that dielectric particles present both an electric and a magnetic resonant response with low associated losses has attracted significant attention to this field
from researches in metamaterial community. There, having optical magnetism with
low absorption is critical to achieve novel optical properties not existing in nature.
The resonant behavior of small spherical metallic and dielectric spheres (with a
size parameter q = 2πR/λ = 0.5) is compared in Fig. 3.1A, where the scattering
cross-section, computed using Eqs. (3.1)–(3.4), of both types of particles is depicted
for different values of dielectric permittivity function, ε = n2p . Only electric-type resonances are observed for negative values of ε, the case of plasmonic resonances in
metallic nanoparticles, while both magnetic and electric resonances are seen at relatively high positive ε values, the case of Mie resonances in high-index dielectrics.
For refractive index value above 2, Mie resonances in dielectric particles are well
defined and their spectral position scales proportionally to the particle size and refractive index, as shown in Fig. 3.1B. This makes it possible to scale these resonances all
the way from optical frequencies to microwaves and obtain similar resonant scattering properties for particles made of different materials with similar refractive index.
Electric and magnetic field distribution at the first four Mie resonances of high-index
dielectric nanoparticles is schematically illustrated in Fig. 3.1C. The field profile at
electric and magnetic resonances looks the same with only the difference that D- and
B-field vectors are exchanged. It is important to note that similar resonances can be
obtained not just in spheres but also in spheroids [9,10], rods [11], disks [12,13], rings
[14], cuboids [15] and other different types of particle shapes [16]. Specific position
and order of the resonances might change depending on the particle shape adding an
additional important degree of freedom for engineering the resonance position and
interference. A typical example of such shape-dependent resonance positioning is the
mutual electric and magnetic resonance crossing at specific spheroid and disk particle
aspect ratios leading to realization of the so-called first Kerker condition discussed
later in this chapter [10,12].
First experimental studies of Mie resonances in high-index dielectric particles have
been conducted at microwave frequencies and so-called dielectric resonator antennas made of high-index dielectric ceramics are considered as a viable alternative to
conventional metallic antennas [17]. The main advantages, which dielectric resonator
antennas bring to microwave technologies, are compactness, design simplicity and
high radiation directionality. With the emergence of the field of metamaterials, ideas
of using 3D structures consisting of resonant dielectric particles to obtain negative refraction have been extensively discussed and first examples of such structures working
at microwave frequencies have been demonstrated. A detailed overview of dielectric
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Figure 3.2 (A)–(C) Dark-field optical microscope (top left) and SEM (top right) images of spherical silicon nanoparticles fabricated on a silicon wafer by ablating it with a femtosecond laser. Particle diameter can be measured in the SEM images and is about 100 nm in (A), 140 nm in (B) and
180 nm in (C). (Bottom) are dark-field scattering spectra of the nanoparticles obtained using a single
nanoparticle spectroscopy setup. md, ed and mq denote magnetic dipole, electric dipole and magnetic
quadrupole, respectively. Adapted from [8]. The original work is licensed under a Creative Commons
Attribution-NonCommercial-ShareALike 3.0 Unported License. To view a copy of this license, visit http://
creativecommons.org/licenses/by-nc-sa/3.0/.

metamaterials design and experimental realization at microwave frequencies can be
found in some review papers [18,19].
At visible and near-infrared frequencies silicon became the first material of choice
to observe strong electric and magnetic dipole and higher-order Mie resonances [7,
20]. While having a high-refractive index (>3.5) through the whole visible and nearIR spectral range its losses are relatively low in the visible for wavelengths above 550
nm (with an absorption coefficient, kSi < 0.5) and are negligible in the whole near-IR
spectrum for wavelengths above 800 nm (kSi < 0.01). A first experimental observation of such resonances has been reported for spherical silicon nanoparticles produced
by femtosecond laser ablation [8,21]. This method allows generating multiple particles with almost perfect spherical shapes and randomly varied sizes. Later research
has shown that similar resonant properties can be obtained not only for spherical particles but also for lithographically fabricated disks, cylinders and prism structures (see
examples above). Fig. 3.2 shows dark-field optical and SEM images together with
dark-field scattering spectra of silicon nanoparticles fabricated by femtosecond laser
ablation of a silicon wafer. In the dark-field microscope images one can see bright
visible colors, which are dependent on the nanoparticle size, and changing from blue
for particles with about 100 nm diameter to green for particles with 140 nm diameter and red for particles with 180 nm diameter. Dark-field scattering spectra of these
nanoparticles reveal that the color is mainly coming from the fundamental magnetic
dipole resonance and electric dipole resonance at higher frequencies. Identification of
the electric or magnetic nature of the observed resonances can be done through theoretical analysis [22] or by direct measurements of far-field [23,24] or near-field [25]
scattering patterns of the nanoparticles. At larger particle sizes electric and magnetic
quadrupoles, octupoles and higher-order multipole modes can be detected [26].

78

Dielectric Metamaterials

Figure 3.3 Visible colors from silicon nanodisks observed in reflection through a bright-field optical microscope. (Left top) Individual silicon disks on a quartz substrate with sizes ranging from 40 nm to 150 nm
with a step of 10 nm and forming word “colors” for each particle size. (Left bottom) SEM images for 70
nm and 150 nm diameter disks. Adapted with permission from [28]. © 2017 American Chemical Society.
(Right) Arrays of silicon nanodisks on a silicon wafer with an anti-reflection coating on top, reproducing
“Murnau Street with Women” painting by Vasily Kandinsky. The scale bar in the optical image is 20 µm.
(Center) SEM image of the selected region in (right) highlighted by the white-dotted rectangle. The scale
bar in the SEM image is 1 µm. Adapted with permission from [29]. © 2017 American Chemical Society.

One of the applications of bright visible colors in scattering by silicon nanoparticles
is nanoscale color printing [27]. It was recently shown that by controlling nanoparticle
interaction with a substrate it is possible to reach vibrant colors with a gamut (i.e. a
color range) that goes beyond the standard RGB range. Importantly, this was obtained
with a pixel size as small as a single silicon nanoparticle [28,29]. Fig. 3.3 demonstrates
several examples of color reproduction using individual silicon nanodisks and arrays
of those fabricated by e-beam lithography. The colors are observed in reflection under bright-field optical microscope and can be used to inscribe hidden information at
nanoscale beyond eye resolution. It is worth mentioning that arrays of silicon nanoparticles having fundamental resonances and pronounced visible colors have been studied
several years earlier for color display applications [30]. However, their resonances at
that time were not clearly analyzed and the magnetic nature of the fundamental resonance and associated resonant phenomena were not revealed.
Another direction of research on Mie resonances is related to scattering and absorption properties of dielectric and semiconductor nanorods. These were first experimentally studied with silicon carbide nanorod structures [11]. Their magnetic
dipole response was demonstrated and its possible applications to metamaterials were
discussed. It is important to mention that in contrast to guided modes in “standing” nanorods/nanowires [31], which can be excited by light propagating along the
nanowire axis, Mie resonant modes are excited in “laying” nanorods/nanowires by
light propagating perpendicular to the nanorod/nanowire axis [32]. When light impinges obliquely to the nanorod axis a subtle interplay between these two kinds of
modes emerges, giving an additional degree of freedom in design [33,34]. In the case
of “laying” nanorods, the modes supported have somewhat similar field profiles to Mie
modes in a sphere. Fig. 3.4 shows an example of Mie resonances measured through
resonantly enhanced photocurrent in a germanium nanowire photodetector [32]. This
resonantly enhanced absorption was used to increase the detector sensitivity in the
spectral region where the material absorption is low. Later on, different types of Mie
resonances in silicon, germanium, gallium arsenide and other types of semiconduc-
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Figure 3.4 (A) SEM image of a 25-nm-radius germanium (Ge) nanowire photodetector device. The
nanowire is connected to two metallic (Ti/Al) electrodes for photocurrent readout under supercontinuum
light illumination. (B) Two-dimensional plot of calculated absorption efficiency of a Ge nanowire as a
function of wavelength and radius of the nanowire. (C) Experimental absorption efficiency spectra of a
110-nm-radius germanium nanowire obtained from photocurrent measurements using linearly polarized
transverse-electric (TE; red) or transverse-magnetic (TM; blue) light. The red and blue lines on top of the
plot indicate the spectral positions of all nanowire Mie modes in this spectral region. (D) The configuration of the electric field intensity for typical transverse-magnetic leaky modes. The blue circle refers to the
nanowire/air interface. Adapted by permission from Springer Nature: [32] (2009).

tor nanorods have been studied at visible and near-IR frequencies for enhancement
of light absorption for photovoltaics [35], enhanced thermal emission [36] and color
display applications [37].

3.3

Multipolar interference effects and directional
scattering

One of the most intriguing properties of dielectric nanoparticles is that, even when
they are shaped in simple forms such as cylinders or spheres, they support multiple
Mie modes that may spectrally overlap. When this happens, the far-field scattering pattern from these particles can become rather complex, presenting several maxima and
minima and strongly deviating from that of a simple Rayleigh scatterer. This complex-
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ity arises from the directional constructive and destructive interference of the different
multipolar modes excited in the particles and the precise shape depends on the relative
amplitudes and phases of the induced multipolar moments. Note that, while total radiation interference between different cylindrical/spherical multipoles is forbidden due
to their orthogonality (cf. [2], Chapter 4, Section 4.2), directional interference effects
may still arise.
These interference effects can be readily seen even in the simplest case of a
monochromatic plane wave scattering from a single, dielectric, spherical particle. Of
particular importance in this context are the so-called Kerker conditions, which will be
presented in the detail in this section. In brief, these conditions refer to particular situations in which the particle presents zero backward scattering, and thus scatters light
almost entirely forward, or quasi-zero forward scattering, thus scattering light almost
entirely backwards. These two situations highlight the fact that dielectric nanoantennas, even in very simple shapes, can act as very directional antennas for light. Let
us, however, derive these conditions from a general perspective. As has been shown
before (cf. Fig. 3.1, panel B), when the particle has a refractive index np > 2, the hierarchy of the optical resonances supported is such that the two lowest-energy ones
correspond to the resonant excitation of magnetic dipole and electric dipole modes (in
order of increasing energy). In the frequency range in which only these two modes coexist, thus, the incident wave generates a pair of induced electric and magnetic dipoles
given, respectively, by the expressions
p = αE 0 E0

(3.5)

m = αM H 0 ,

(3.6)

with E0 and H0 = E0 /Z being the complex amplitudes of the electric and magnetic
fields of the incident wave, Z the impedance of the external medium and αE and αM
the electric and magnetic polarizabilities of the particle, respectively. For a sphere,
these polarizabilities can be connected with the first two Mie coefficients through the
expressions:
6π
a1 ,
k3
6π
= i 3 b1 ,
k

αE = i

(3.7)

αM

(3.8)

where k is the wavenumber of the incident wave. This connection can be established
by direct comparison of the far-field generated by a point electric (magnetic) dipole
and the far-field associated with the a1 (b1 ) coefficient in the Mie expansion. The
interested reader may refer, e.g., to reference [38] to find, explicitly, such a connection.
Let us, without loss of generality, assume the sphere of radius R to be located in
the center of the coordinate system and the incoming monochromatic plane wave to
be traveling in vacuum along the positive z-axis with the electric field polarized along
the x-axis. In that case, the electric far-field generated by the induced electric dipole
p = pi x̂ = αE 0 E0 x̂ and the induced magnetic dipole m = mi ŷ = αM H0 ŷ, which
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generally reads
p

Eff = Eff + Em
ff =




 1
k2
r̂ × p × r̂ + m × r̂
4π 0
c

(3.9)

0 being the permittivity of vacuum and r̂ a unitary vector in the direction of observation, reduces, in spherical coordinates, to

Eff (θ, φ) =

k 2  mi
mi
+ pi cos θ cos φ θ̂ − pi +
cos θ sin φ φ̂ .
4π 0
c
c
(3.10)

This last expression can be recast in terms of the polarizabilities and, ultimately, in
terms of the first two Mie coefficients as

3i
(3.11)
Eff (θ, φ) = E0 (b1 + a1 cos θ) cos φ θ̂ − (a1 + b1 cos θ) sin φ φ̂ .
2k
From Eqs. (3.10) and (3.11) can be readily seen that, in general, the scattering pattern
of a particle supporting both electric and magnetic dipole modes will strongly deviate
from that of a Rayleigh scatter. Two cases of particular relevance are that of the plane
containing the induced electric dipole (φ = 0, π) and that of the plane containing the
magnetic dipole (φ = π/2, 3π/2), for which the azimuthal and polar components of
the electric far-field, respectively, vanish. In either of these situations, it is possible
to find certain polar angle for which the field completely vanishes due to the destructive interference of the radiation from these modes. In particular, as follows from Eq.
(3.11), for the plane containing the electric dipole, the electric far-field completely
vanishes when the following relation is fulfilled:
b1 + a1 cos θ = 0,

(3.12)

while in the plane containing the magnetic dipole the condition for vanishing field
reads
a1 + b1 cos θ = 0.

(3.13)

Therefore, the scattered far-field from a dielectric sphere may vanish at any polar angle
in either of the planes of oscillation of the induced dipoles, provided the appropriate
relations (3.12) or (3.13) hold. It should be noted that the scattering coefficients a1
and b1 are complex and, thus, the relations impose conditions to both the relative amplitudes and phases of the induced dipoles. In order to obtain a vanishing field in the
plane of oscillation of the electric dipole, this dipole should be dominant; in other
words, have larger amplitude than the magnetic one. Conversely, in order to obtain a
vanishing field in the plane of oscillation of the magnetic dipole, it should dominate
over the electric one. From this, it follows that both conditions cannot be simultaneously met and, therefore, scattering from a dielectric sphere cannot vanish for the
same polar angle in both planes, with the only exception of the degenerate cases of the
forward and backward directions, given, respectively, by θ = 0 and θ = π. The latter
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corresponds to the so-called first Kerker condition, which happens when a1 = b1 and
implies zero backscattering from the particle. This condition was first derived in the
context of electromagnetic scattering from spheres with magnetic response [39] and
then identified for semiconductor particles at optical frequencies [7,40]. The former
is the so-called second Kerker condition, which is met when a1 = −b1 and implies
vanishing forward scattering. In reality, this condition can only be approximately met.
The reason behind the impossibility to fully satisfy Eq. (3.13) lies in the optical theorem, relating the total extinction from a particle with the electric field scattered in the
forward direction. From it, a totally vanishing electric field in the forward direction
would necessarily imply a vanishing extinction and, therefore, zero total scattering.
The interested reader can find a discussion on this topic in reference [41].
The implications on the phases of the induced dipole moments can be clearly seen
if the scattering coefficients are expressed as
a1 = |a1 | eiφa1
b1 = |b1 | e

iφb1

(3.14)
(3.15)

.

Then the differential scattering efficiency, dQ (θ, φ), defined as the scattered intensity
in a particular direction divided by the intensity of the incoming plane wave and the
geometrical cross-section of the sphere, in this dipolar approximation, reads
dQ(θ, φ) =

9 
cos2 φ +
4πq 2

sin2 φ ,

(3.16)

where q is the size parameter introduced before and
= |b1 |2 + |a1 |2 cos2 θ + 2 |a1 | |b1 | cos θ cos φ

(3.17)

= |a1 |2 + |b1 |2 cos2 θ + 2 |a1 | |b1 | cos θ cos φ

(3.18)

associated, respectively, with the polar and azimuthal components of the scattered
field. In these expressions
φ = |φa1 − φb1 |

(3.19)

is the phase different between the induced dipoles. Eq. (3.16) can be directly obtained
in the context of Mie theory from the total scattered electric far-field (cf. Section 4.4.4
in [2]) by retaining only the first (l = 1) terms in the multipolar expansion.
From Eqs. (3.17) and (3.18) it becomes apparent that, in order to obtain vanishing
scattering at a polar angle in the range θ ∈ (π/2, π), corresponding to the backward
semi-sphere, the dipoles should be oscillating in phase. Conversely, to obtain vanishing scattering at a polar angle in the range θ ∈ (0, π/2), corresponding to the forward
semi-sphere, the dipoles should be oscillating in anti-phase.
To illustrate the emergence of angle-suppressed scattering patterns predicted by
Eq. (3.16) let us consider the case of a spherical particle with a very large, frequencyindependent index of refraction np = 8, and the case of a crystalline silicon sphere at
optical frequencies. Fig. 3.5A shows the total scattering efficiency of the sphere with
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Figure 3.5 (A) Scattering efficiency and multipolar contributions (up to quadrupoles) of a dielectric sphere
with refractive index np = 8 as a function of the size parameter q. The extinction efficiency, represented
by the cyan curve, is not seen as it exactly matches the scattering one (black curve) for a lossless particle,
such as the one considered here. (B) Amplitude (solid lines) and phase (dashed lines) of the a1 (blue) and
b1 (red) coefficients. (C)–(D) Differential scattering efficiency dQ as a function of the size parameter q and
the scattering angle θ in the φ = 0 (C) and the φ = π/2 (D) planes, corresponding to the oscillation planes
of the induced electric and magnetic dipoles, respectively. The angle θ = 0◦ corresponds to the forward
direction and the angle θ = 180◦ to the backward direction.

np = 8 in the range of size parameter in which the lowest-order resonances are excited. As can be seen, in this range the sphere supports an electric dipole resonance,
(e)
(m)
associated with the Q1 term, a magnetic dipole resonance, associated with Q1 ,
(m)
and a magnetic quadrupole resonance, with Q2 . Leaving aside the narrow spectral range in which the quadrupolar mode is excited, the scattering pattern from this
particle should be mainly defined by its electric and magnetic dipolar response and,
thus, it should be governed by Eq. (3.16), which in turn depends on (3.17) and (3.18).
Fig. 3.5B shows the amplitude and the phase of the a1 and b1 coefficients. In this plot,
one can identify several size parameter ranges. In the ranges 0.343 < q < 0.443 and
0.561 < q < 0.576 the b1 coefficient (associated with the magnetic dipole term, Q(m)
1 )
has a larger amplitude and, thus, it is possible to satisfy the condition = 0 for vanishing scattered field at a certain polar angle in the φ = π/2 plane (plane of oscillation
of the magnetic dipole). In the ranges q < 0.343, 0.443 < q < 0.561 and q > 0.576
the a1 coefficient (associated with the electric dipole, Q(e)
1 , term) dominates, which
allows fulfilling the condition = 0 for vanishing scattered field at a certain polar
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angle in the φ = 0 plane (plane of oscillation of the electric dipole). By looking at
the phases it is possible to identify the ranges of the size parameter for which vanishing scattering occurs in the forward or backward hemi-spheres of the pattern. As
mentioned before, for scattering cancellation at an angle in the forward hemi-sphere
(0 < θ < π/2) the dipoles should oscillate in anti-phase (φ = π), which corresponds
to the ranges 0.388 < q < 0.551 and q > 0.566 in the plot. To obtain zero scattering
at angles within the forward hemi-sphere (π/2 < θ < π) the dipoles must oscillate in
phase (φ = 0), which corresponds to the ranges q < 0.388 and 0.551 < q < 0.566 in
the plot. With this information it is easy to understand the maps shown in Figs. 3.5C
and D, representing the differential scattering efficiency dQ, computed using Mie theory with 50 terms in the sum (cf. [2], Chapter 8, Section 4.4.4), as a function of the size
parameter q and the scattering angle θ in the planes containing the induced electric
dipole (φ = 0) and the induced magnetic dipole (φ = π/2), respectively. As predicted,
in the plane of oscillation of the electric dipole the vanishing dQ occurs in the size
parameter regions in which a1 dominates. Conversely, vanishing dQ in the plane of
oscillation of the magnetic dipole occurs in the regions in which the amplitude of the
magnetic dipole is larger. Within these regions, the vanishing happens at polar angles
in the forward hemi-sphere when the dipoles oscillate in anti-phase and in the backward one when they do so in phase. By taking into account the precise ratio between
the a1 and b1 amplitudes and assuming purely in-phase or anti-phase oscillation of the
induced dipoles, it is possible to predict, for each size parameter, the scattering angle
at which dQ vanishes by the simple relations
cos θ = ± |b1 | / |a1 |
cos θ = ± |a1 | / |b1 |

for φ = 0(|a1 | > |b1 |)
π
for φ = (|b1 | > |a1 |),
2

(3.20)
(3.21)

in which the positive sign corresponds to dipoles oscillating in anti-phase and the
negative one to dipoles oscillating in phase. In Figs. 3.5C and D, the predicted (q, θ )
trajectories for vanishing differential scattering computed using this simplified dipolar
approximation are plotted as black-dashed lines. As can be seen, they closely follow
the full Mie results except in the narrow region in which the quadrupolar contribution,
(m)
Q2 , becomes non-negligible. The polar plots of some representative scattering patterns for different size parameters are shown in Fig. 3.6. The selected cases include
those of vanishing backward scattering (first Kerker condition) and forward scattering
(second Kerker condition) and those leading to vanishing scattering at polar angles
θ = 60◦ and θ = 120◦ in both the plane of oscillation of the electric dipole (φ = 0,
xz-plane) and that of the magnetic dipole (φ = π/2, yz-plane). These examples illustrate how dielectric particles, even when shaped in simple forms such as a sphere, can
show strongly directional scattering, making them excellent candidates for building
nanoantennas.
Let us now consider the case of a spherical nanoparticle made of crystalline silicon
with a radius R = 100 nm. As shown before, silicon nanoparticles with diameters in
the range of 100–200 nm support the lowest-order resonances in the visible-near-IR
region of the spectrum (see Fig. 3.2). Fig. 3.7A shows the calculated scattering efficiency spectrum and main multipolar contributions of this particle, while Fig. 3.7B
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Figure 3.6 Polar plot of the differential scattering efficiency as a function of the scattering angle (scattering
pattern) for several size parameter values in the φ = 0 (blue) and the φ = π/2 (red) planes, corresponding
to the oscillation planes of the induced electric and magnetic dipoles, respectively. (A) Situation in which
the backward scattering vanishes (first Kerker condition). (B) Situation in which the forward scattering
is minimized (second Kerker condition). (C)–(D) Situation in which the scattering vanishes at an angle
θ = 60◦ both in the φ = 0 plane (C) and the φ = π/2 plane (D). These situations happen, respectively,
when |a1 | / |b1 | = 2 and |b1 | / |a1 | = 2, and the dipoles oscillate in anti-phase. (E)–(F) Situation in which
the scattering vanishes at an angle θ = 120◦ both in the φ = 0 plane (E) and the φ = π/2 plane (F). The
same amplitude relations hold here, but the dipoles oscillate in phase.

shows the amplitude and phase of the a1 and b1 coefficients. As can be seen, due to the
lower refractive index of silicon, the resonances, which get broader, happen at a larger
size parameter. Another important difference is found when looking at the calculated
phases of the coefficients. For silicon spheres, the phase variation around the resonance peak is less steep. As a consequence, the oscillation of the induced dipoles is no
longer well described by simply assuming that they oscillate either in phase or antiphase, the latter being particularly the case. This implies that, in general, Eqs. (3.12)
and (3.13) are not exactly satisfied and, thus, that the observed minima in the angular
scattering are less pronounced. This is clearly seen in Figs. 3.7B and C, showing the
angular differential scattering efficiency for the silicon sphere. In the plot, it is clearly
seen that some of the observed regions of vanishing dQ in the case of the sphere with
np = 8 are transformed into shallow minima in the case of the silicon sphere. Moreover, in this case, the predicted (q, θ ) trajectories for vanishing dQ computed using
the assumption of purely in-phase or anti-phase dipoles does not follow the full results
so closely. The first Kerker condition is, however, still accurately met in this case (for
a size parameter q = 0.745, corresponding to a wavelength λ = 842 nm), implying
strong inhibition of backward scattering.
Experimental observations of the angle-suppressed scattering patterns from dielectric particles were performed in the microwave frequency range [42], using a dielectric
sphere made of a ceramic material (np ∼ 4) with radius R = 9 mm. The measured
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Figure 3.7 (A) Scattering efficiency and multipolar contributions (up to quadrupoles) of a crystalline silicon sphere with radius R = 100 nm as a function of the size parameter q. The corresponding wavelengths
are also shown. (B) Amplitude (solid lines) and phase (dashed lines) of the a1 (blue) and b1 (red) coefficients. (C)–(D) Differential scattering efficiency dQ as a function of the size parameter q and the scattering
angle θ in the φ = 0 (C) and the φ = π/2 (D) planes, corresponding to the oscillation planes of the induced
electric and magnetic dipoles, respectively. The angle θ = 0◦ corresponds to the forward direction and the
angle θ = 180◦ to the backward direction. The corresponding wavelengths are also shown.

scattered intensity as a function of the frequency of the incident light and the scattering angle are shown in Fig. 3.8A. The maps shown closely resemble those of Fig. 3.7A
and B, in a restricted size parameter range, due to close value of the refractive index of
the dielectric material used to that of silicon. Figs. 3.8B and C show the measured scattering patterns at the first and second Kerker conditions, respectively. Subsequently,
directional scattering from dielectric nanoparticles in the visible range was measured
in silicon nanospheres [9] and gallium arsenide nanodisks [43] fabricated, respectively, by femtosecond laser ablation and lithographically using a top-down approach.
Figs. 3.8D and E show, respectively, the calculated and experimentally measured forward and backward scattering from a single silicon nanosphere, together with the
forward-to-backward ratio. It can be seen that at the first Kerker condition realized
at around 660 nm the experimental forward-to-backward scattering ratio reaches the
values above 6 due to a suppression of backward scattering and non-zero forward
scattering. The second Kerker condition is realized around 550 nm, resulting in the
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Figure 3.8 (A) Experimentally measured scattering intensity as a function of frequency and scattering
angle θ in the φ = 0 (left) and the φ = π/2 (right) planes, corresponding to the oscillation planes of the
induced electric and magnetic dipoles, respectively, for a dielectric sphere with index np ∼ 4 and radius
R = 9 mm. (B)–(C) Experimentally measured (symbols) and theoretically calculated (solid line) scattering
patterns from the dielectric sphere in (A), at frequencies corresponding to Kerker’s first (B) and second
(C) conditions, indicated in (A) by vertical dashed lines. Adapted by permission from Springer Nature: [42]
(2012). (D)–(E) Theoretical calculation (D) and experimentally measured (E) forwards scattering, backward
scattering, and forward-to-backward ratio from a crystalline silicon sphere with radius R = 75 nm. The
insets in panel (E) show the optical images of the particle in the forward (left, F) and backward (center, B)
directions and the SEM image (right), with a scale bar corresponding to 500 nm. Adapted by permission
from Springer Nature: [9] (2013).

minimum in the forward-to-backward scattering ratio. These experiments represent
the first realizations of simple, directional, dielectric optical nanoantennas.
Interestingly, the angle-suppressed scattering patterns from dielectric spheres, in
particular Figs. 3.7A and B and Fig. 3.8A, can be connected with the observed angular reflectivity from sub-diffractive arrays of such particles, often called metasurfaces
[44]. These systems have the intriguing property of having a Brewster angle for both
p- and s-polarization, in some ways similar to what is observed for media having a
non-unity magnetic permeability. In the case of metasurfaces, this phenomenon arises
not due to a real magnetic response, but rather due to the angle-suppressed scattering
patterns from the particles forming the array, as described here. It is also worth mentioning that, although not described here, similar directionality effects can be found in
the scattering from long dielectric nanowires supporting spectrally overlapping resonances [45].
So far, we have shown that even a simple dielectric sphere in the dipolar approximation may be a strongly directional nanoantenna, with a pronounced forwardto-backward asymmetry, via the realization of the Kerker conditions. Unfortunately,
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Figure 3.9 (A) Numerically calculated spectral position of the electric dipole and magnetic dipole resonance peak for a silicon disk with height h = 220 nm embedded in a medium with refractive index nm = 1.5.
Adapted with permission from [12]. © (2013) American Chemical Society. (B) Optimum shape a/b (solid
lines) and size parameter q (dashed lines) maximizing total scattering (red) and forward scattering (blue)
with minimized backward scattering for oblate spheroidal particles in air as a function of the value of
the refractive index of the particle n. (C) Scattering efficiency (black) and multipolar contributions (up to
quadrupoles, notations are the same as in Fig. 3.1) from oblate spheroidal particles with refractive index
np = 3.5, as a function of the size parameter q, for several aspect ratios a/b. Panels (B) and (C) adapted
with permission from [10]. © (2015) American Chemical Society.

when this system behaves as a directional antenna it does not behave as an efficient
antenna, i.e., when Kerker’s conditions are met the total scattering efficiency is low.
In particular, for the first one the low efficiency is just due to the fact that, for spheres
with index np > 2, the induced electric and magnetic dipoles only have the same amplitudes and phases far away from the spectral position of the resonance peaks, at the
tail of the resonances. One possible strategy to overcome this issue is changing the
shape of the particle, in particular its aspect ratio. By doing so, it is possible to induce
a different spectral shift to the electric dipole mode and the magnetic dipole one, as
to make their amplitudes and phases coincide at resonance, therefore simultaneously
maximizing the total scattering efficiency as well as the forward-to-backward ratio
[10,12]. Fig. 3.9A shows the numerically calculated spectral shift of the peak of the
electric and magnetic dipole resonances for different aspect ratios between the height,
h, and the diameter, d, of a silicon nanodisk. As can be seen, for an approximate aspect ratio d/ h ∼ 1.35 the peaks of the resonances spectrally overlap. Interestingly,
using the quasi-analytical solution of plane wave scattering from spheroidal particles
[46] it is possible to systematically study the problem of simultaneous maximization of total scattering and minimization of backward scattering and to show that, for
any refractive index of the particle np > 2 it is possible to find a particular aspect
ratio for which these two conditions are simultaneously satisfied. Fig. 3.9B shows
the necessary aspect ratio and size parameter that maximized the total scattering effi-
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ciency and the forward scattering efficiency for different refractive indices in the range
2 < np < 4 at the condition of backward scattering minimized. For the case of a particle with refractive index np = 3.5, approximately corresponding to that of silicon in
the visible-to-near-IR spectral range, Fig. 3.9C shows the evolution of the total scattering efficiency and the multipolar contributions (up to quadrupoles) when the shape of
the particle changes from spherical to spheroidal with optimized aspect ratio, showing
the overlapping of electric and magnetic dipole resonances.

3.4

Resonant scattering by dielectric nanoantennas

As shown above, even a single, simple shaped, dielectric particle may act as an efficient and directional optical antenna. Its directionality stems from interference effects,
mainly, between electric and magnetic dipolar modes. If one would like, however,
to obtain higher directivity or more complex response, three main strategies can be
adopted. An immediate one is to increase the number of elements, or particles, forming the antenna. In this approach, each element can be kept within the so-called dipolar
approximation (i.e. its response being governed by electric and magnetic dipoles only)
and, therefore, have a small physical size. An alternative to increasing the number of
particles is complexifying the elements forming the antenna. This can be achieved,
e.g., by increasing their size, as to induce a higher-order multipolar response, or
by changing their shape to more complex ones. Finally, one can also increase the
complexity of the surrounding medium, a good example being the introduction of a reflective element such as a mirror. Let us, in the following, describe in some detail each
of these approaches, with practical examples leading to efficient, directional antennas.

3.4.1 Multi-particle configurations
When one considers a system consisting of several dielectric particles interference effects become even more important and provide more opportunities to control the light
scattering. In the case in which each element forming the antenna is electrically small,
a good way to describe this kind of systems is through the so-called Coupled Electric
and Magnetic Dipole Method (CEMD) in which each particle is simply described by
a pair of electric and magnetic dipoles [47]. Within this approximation, the electric
and magnetic fields at any position r in space can be expressed as
Etot (r) = E0 (r) + Esca (r)
 k2 ↔ 



↔
GE r − rj pj + iZk 2 GM r − rj mj
= E0 (r) +
j

(3.22)

0 m

Htot (r) = H0 (r) + Hsca (r)

k2
−i
= H0 (r) +
Z

↔

0 m GM





↔ 
r − rj pj + k 2 GE r − rj mj

j

(3.23)
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where the second term represents the scattered field, the summation extends to all
↔
↔
particles in the system with positions rj , and GE and GM are, respectively, the freespace electric and magnetic dyadic Green’s functions. Their explicit form acting on
the electric dipole reads




↔
i
1
3
3i
eikr
GE (r) p =
1+
−
+
p + −1 −
(r̂ · p)r̂
4πr
kr (kr)2
kr (kr)2
(3.24)
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(3.25)
4πr
kr
This problem can be solved self-consistently by expressing the dipole moments in
the j th particle as
⎤
⎡
   k2 ↔ 



↔
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l =j

(3.27)
where the summation accounts for the field generated by the rest of the dipoles. While
this simplified model fails to predict the near-fields generated around the particles, especially when they are in close proximity, it still gives reasonably accurate results for
the far-field characteristics of the system. Its great advantages over full-wave numerical methods are being faster, less computationally demanding and providing physical
insight into the different mode interactions occurring in the system.

3.4.1.1

Dielectric dimers

The simplest multi-particle system that can be studied is that of a dimer consisting of
two dielectric spheres. Contrary to plasmonic dimers, in which the electromagnetic
response is mainly determined by the interplay between the electric dipole modes induced in the metallic particles (forming so-called bonding and anti-bonding modes),
in dielectric dimers the situation is more complex, and one needs to consider several types of dipole-dipole interaction. Namely, for a dielectric dimer consisting of
particles supporting both electric and magnetic dipole modes, such as spheres made
of silicon, it is possible to identify electric-electric, magnetic-magnetic and crossed
electric-magnetic dipole interactions [48]. This gives rise to a complex hybridization
scheme between the modes, as depicted in Fig. 3.10, which critically depends on the
polarization of the incident field by either aligning the electric or the magnetic dipole
moments of the particles [49]. As a result, complex dimer modes can be observed for
both main polarizations, namely, with the electric field or the magnetic field being parallel to the axis of the dimer, as shown in Fig. 3.10A and 3.10B, respectively. With the
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Figure 3.10 (Left) Energy-level diagram describing the hybridization of electric (red arrows) and magnetic (green arrows) dipolar resonances of single particles in the dimer. (Right) Numerically calculated
(color lines) and experimentally measured (black lines) scattering spectra for different inter-particle gap d.
The calculated spectra are decomposed according to the hybridization scheme shown. Each single scatterer
is an oblate ellipsoidal core(silicon)–shell(silica) structure with major and minor external radii of 95 and
78 nm, respectively, and a 4 nm shell layer. (A) When the incident electric field is parallel to the axis of the
dimer. (B) When the incident magnetic field is parallel to the axis of the dimer. Adapted with permission
from [49]. © (2015) American Chemical Society.
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Figure 3.11 (A) Schematics depicted the mechanism behind generation of electric and magnetic hotspots
in dielectric dimers, as compared to metallic ones. (B) Experimentally measured (left) and numerically calculated (center) NSOM signal from a silicon dimer. Top (bottom) row corresponds to the case of incident
electric (magnetic) field parallel to the axis of the dimer. Low-intensity regions are represented by blue color
and high-intensity ones by red color. (Right) SEM images of the measured dimer. The scale bar corresponds
to 200 nm. Adapted with permission from [52]. © (2015) American Chemical Society. (C) Theoretically
calculated (left) [55] and experimentally measured (center and right) [56] scattering patterns of an asymmetric silicon dimer. For the calculated case, the dimer consists of two silicon spheres with radii 75 nm and
115 nm, separated by a gap of 8 nm. Two different wavelengths are considered. Adapted from [55] under
Creative Commons License. In the measured sample the dimer consists of two silicon cylinders with height
170 nm and radii 90 nm and 125 nm, separated by a gap of 40 nm. The SEM image shows the measured
sample. The scale bars correspond to 100 nm. Adapted with permission from [56]. © (2017) American
Chemical Society.

aid of numerical simulations and mode analysis, different dipole-dipole interactions
can be identified, giving rise to the different resonance peaks observed in the measured dark-field scattering spectra. As a consequence of this complex dipole-dipole
interaction, for dielectric dimers it is possible to observe generation of both electric
and magnetic hotspots in the gap between the particles depending on the incidence
polarization, a phenomenon that can be used to enhance light emission from quantum
emitters with either electric dipole or magnetic dipole electronic transitions [50,51,
48]. This is in contrast to plasmonic dimers for which complex modes, with associated electric hotspots only, are exclusively excited when the electric field is parallel
to the axis of the dimer. The schematic comparison of these two situations is depicted
in Fig. 3.11A. The experimental observation of electric and magnetic hotspots in silicon dimers using an aperture-type near-field scanning optical microscope is shown in
Fig. 3.11B [52]. A high-intensity spot in the gap between the particles is observed in
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the NSOM signal both when the electric field is parallel to the dimer axis and when
the magnetic field is parallel to the dimer axis. In the experiment, the dimer consisted
of two identical cylindrical particles lithographically fabricated, as shown in the SEM
image in the figure. Interestingly, large enhancements of the magnetic field can also
be found in simplest configurations, such as a single sphere, provided a higher-order
mode is supported [6,53]. These modes, however, are very sensitive to fabrication imperfections and, thus, difficult to observe. Although the CEMD described above fails
to quantitatively predict the near-field enhancement in the case of a dimer, it can still
be used to accurately predict the observed, far-field scattering characteristics from dielectric dimers. Interestingly, this simple model holds up to inter-particle gaps on the
order of 10 nm, where the particles are strongly coupled [48]. Using this model, it is
possible to design dimers such that the forward scattering is enhanced by adjusting
the positions and the sizes of the individual particles forming the dimer [54]. It is also
possible to obtain other directionality effects such as the ones shown in Fig. 3.11C, in
which asymmetry in the radiation pattern in the plane of oscillation of the electric field
is obtained. This effect was theoretically predicted first for a dimer consisting of two
silicon spheres [55] and later observed experimentally with lithographically fabricated
cylindrical particles [56]. Interestingly, the asymmetry may abruptly change with the
wavelength of the incident light, which might find applications in wavelength multiplexing and routing. Additionally, this kind of asymmetry can be used in the design of
periodic arrays of nanoantennas to obtain so-called metagratings, in which the energy
distribution among the supported diffraction orders can be controlled at will by careful
design of the nanoantenna radiation pattern [57–59].

3.4.1.2

Complex, multi-particle antennas

Let us now focus on nanoantennas involving more than two elements. Increasing the
number of particles naturally provides additional degrees of freedom as to boost the
directivity and efficiency of antennas. A canonical design based on this approach is
the so-called Yagi–Uda nanoantenna, inherited from the radiofrequency community
where it is widely used as a directive emitter and receiver. The design consists of an
emitting element, the so-called feed of the antenna, one or several elements called
reflectors, placed at one side of the feed, and several elements called directors, at the
other side of it. The elements, in the shape of long rods, are designed to behave as dipolar scatterers. The length of these rods, and their mutual spacing, are designed in such a
way that the scattered field interferes destructively with the emitted one in the direction
of the reflectors and constructively in that of the directors. At optical frequencies, it has
been implemented using plasmonic metals and replacing the usual current driven feed
by a localized quantum emitter [60]. The schematic of such an optical Yagi–Uda antenna, based on gold nanorods, is shown in Fig. 3.12A. While this nanoantenna shows
good directivity, its optical performance is somewhat hindered by the large Ohmic
losses associated with metals at optical frequencies. Resonant dielectrics offer an alternative platform to design Yagi–Uda nanoantennas, with two main advantages. The
first, obvious one is the mitigations of losses. The second, which may be more attractive, is the possibility to use not only the electric dipole response of the particles, as in
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Figure 3.12 (A)–(B) Schematics of plasmonic (A) and dielectric (B) Yagi–Uda antennas. (C) Numerically
calculated maximum directivity and forward directivity of a silicon Yagi–Uda nanoantenna consisting of
one reflector with radius 75 nm and four directors with radii 70 nm. All particles are spaced by 70 nm. The
system is fed with an electric dipole placed in between the reflector and the first director. Panels (B) and (C)
adapted with permission from [61]. © (2012) Optical Society of America. (D) Experimentally measured
scattering pattern of a dielectric Yagi–Uda antenna (shown in the inset) at a frequency of 10.7 GHz. The
antenna consists of a reflector with radius 5 mm and three directors with radii 4 mm made of MgO–TiO2
ceramic (with np ∼ 4). Reprinted from [63], with the permission of AIP Publishing. (E) Numerically
calculated scattering cross-section from a silicon hexamer forming a ring (black curve), a single silicon
particle (blue curve) and silicon heptamer combining the two, showing the emergence of the Fano resonance
(red curve). All particles are spherical. The outer particles have a diameter of 150 nm and the inner one of
130 nm. The gap between the outer particles is of 10 nm. Adapted with permission from [69]. © (2012)
American Chemical Society. (F) Experimentally measured extinction spectra from four oligomers made of
silicon nanocylinders showing Fano interference. The different curves correspond to different diameters of
the central cylinder (as indicated in the legend and shown in the SEM images). The diameter of the cylinders
forming the outer ring is 460 nm. The height of the cylinders is 260 nm and the radius of the hexamer ring
is 568 nm. Adapted with permission from [70]. © (2014) John Wiley & Sons, Inc.
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conventional Yagi–Uda designs, but also the magnetic dipoles induced in the particles,
as schematically shown in Fig. 3.12B. This provides the antenna designer with additional degrees of freedom that may be used to further boost the directivity or to reduce
the footprint by reducing the number of elements in the antenna. Fig. 3.12C shows the
calculated directivity from a dielectric Yagi–Uda nanoantenna consisting of five silicon spheres. One of the particles is slightly bigger, acting as a reflector, while the other
four have the same, smaller size. The system is fed by an electric dipole source located
between the reflector and the first director. The high (forward) directivity of the antenna nearly coincides, spectrally, with the realization of the first Kerker condition in
the directors [61]. Interestingly, this kind of system can be analytically studied with
the CEMD, yielding identical results to the full-wave simulations shown here [62],
saving time and computational resources to the designer. So far, the concept of dielectric Yagi–Uda antennas has been experimentally demonstrated in the microwave range
only [63]; its verification at optical frequencies is still missing. Fig. 3.12D shows the
measured scattering pattern of a dielectric Yagi–Uda antenna consisting of a reflector
and three directors made of a ceramic material, with refractive index close to that of
silicon at optical frequencies. The antenna is fed by a vibrator, as shown in the inset.
The measured directivity agrees well with the theoretical prediction, confirming the
feasibility of the design as a directional antenna. Interestingly, as the number of particles increases, approaching an infinite chain, guided modes emerge in the system,
and light transmission with negligible losses becomes possible. This kind of chains
supports different modes depending on the type of dipole-dipole interaction. In the
fundamental one, the energy is transported via transverse-magnetic-dipole coupling
[64]. This concept has been realized experimentally at optical frequencies using silicon nanoparticles fabricated lithographically, showing very low propagation losses
comparable to standard silicon photonics waveguides [65].
Still within the dipolar approximation, but increasing the complexity of the nanoantenna, it is possible to observe interference effects between the modes of the different
elements forming the antenna not only in the differential scattering but also in the total scattering from the system. In the case in which this interference occurs between
a resonant mode and a non-resonant one the phenomenon is usually referred to as
Fano interference. The name points to the analogy between the asymmetric spectral
line-shapes observed in these systems and those observed in the inelastic scattering
of electrons from helium, named after Ugo Fano, who provided the first theoretical
explanation of their origin [66]. In the case of isolated nanoantennas, Fano resonances
were first observed in plasmonic systems (the interested reader can refer to some of the
review articles in this topic [67,68]). In these systems, Fano resonances usually arise
as the interference between a bright mode, which strongly couples to incident radiation, and a dark mode, not easily accessible by external illumination. In this case one
usually needs to disturb the symmetry of the system to ensure the coupling between
the two modes. Due to their narrow line-widths, systems presenting Fano resonances
have been considered for sensing applications. In dielectrics, due to their richer variety of optical modes, Fano resonances with different characteristics can be observed.
A canonical system to observe such phenomena are particle oligomers, such as those
shown in Fig. 3.12E and F. Among the wealth of Fano modes that can be observed in
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these systems, one of the most interesting ones is that with a magnetic-like origin. The
mechanism of emergence of one of these modes is shown in Fig. 3.12E. There, the
emergence of the Fano resonance observed at the wavelength indicated by the vertical dashed line in the scattering cross-section from the dielectric heptamer (spectrum
given by the red curve) stems from the interference between the resonant mode of
the central particle (spectrum corresponding to the blue curve) and the broad, nonresonant mode of the hexamer forming the outer ring (spectrum given by the black
curve) [69]. For frequencies around the resonance, the dipole moment in the central
particle changes its oscillation from in phase to out of phase with respect to the incident field, while the particles in the outer ring remain in phase. This causes either
constructive or destructive interference, which gives rise to the asymmetric line-shape.
As shown in the insets, at resonance, the magnetic dipole moments induced in the
central particle and the particles in the outer ring oscillate out-of-phase with respect
to each other. Fig. 3.12F shows the experimentally measured extinction cross-section
of a silicon oligomer, demonstrating this effect [70]. In the experiment, the size of the
central particle in the heptamer is varied from sample to sample. The increase in size
induces a redshift of the resonant frequency of this particle and, as a consequence, a
redshift in the Fano dip in the oligomer spectra. This corroborates the origin of the
Fano dip as the interference between the resonant mode of the central particle and
the non-resonant mode of the outer ring. For the interested reader in this topic, other
examples of Fano interference in all-dielectric configurations can be found in the references [71–74].

3.4.2 Complex nanoantenna shapes
As mentioned earlier, a second possible strategy to achieve larger directivity or more
complex scattering patterns from a nanoantenna without introducing additional particles is to complexify the elements as to support higher-order multipolar modes. In
the simplest case, all that one needs to consider is a dielectric sphere with a larger
overall size. In its most general form, the differential scattering cross-section from the
spherical particle becomes (cf. [2], Chapter 4, Section 4.4.4):
dS =

1
(kr)2

(sin2 φ |S1 (cos θ)|2 + cos2 φ |S2 (cos θ )|2 )

(3.28)

with
 2l + 1
(al πl + bl τl )
l (l + 1)
l
 2l + 1
S2 (cos θ ) =
(al τl + bl πl )
l (l + 1)

S1 (cos θ ) =

(3.29)
(3.30)

l

and the angle-dependent functions πl and τl being
πl (cos θ ) =

Pl1 (cos θ )
sin θ

(3.31)
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(3.32)

where Pl1 (cos θ) is the associated Legendre function of the first kind and order l. Taking into account that the functions πl and τl have alternating even and odd parity on
cos θ depending on their order it is possible to show, after some algebraic manipulation, that the forward scattering reduces to
dS(θ = 0◦ ) =

 2l + 1

1
(kr)

2
l

2

|al + bl |2

(3.33)

and also that in the backward direction θ = 180◦ [75]
πl (−1) + τl (−1) = 0.

(3.34)

This simple relation implies that, whenever the electric and magnetic multipoles
of a certain order have the same amplitude and phase, they destructively interfere in
the backward direction. In other words, if a pair of electric and magnetic multipoles
of a certain order l fulfill the relation al = bl , they do not contribute to the backward
scattering. Obviously, particles for which all multipoles are individually compensated
will have zero backward scattering. Individual compensation of the different electric
and magnetic multipolar modes is, however, not the only mechanism from which a
vanishing backward scattering can be obtained. If one considers, for example, a single
family of multipoles, either electric or magnetic, it is also possible to obtain vanishing
backwards scattering provided the scattering coefficients have amplitudes and phases
such that they compensate for the difference in value of the angle-dependent functions
of different orders. Both situations described above can be considered a sort of generalized version of the first Kerker condition. As an example of the latter, for a particle
supporting only dipole and quadrupole modes from a certain family (either electric or
magnetic and with all other multipoles from the same family and all multipoles from
the other family being zero), zero backward scattering is achieved when
3a1 − 5a2 = 0 or 3b1 − 5b2 = 0.

(3.35)

The first expression holds for a particle supporting electric dipole [67] and quadrupole
modes only and the second one for a particle supporting magnetic dipole and
quadrupole modes only. A schematic of the different situations leading to directional
scattering from a particle supporting dipole and quadrupole modes, adapted from
reference [75] (see also [76]), is shown in Fig. 3.13A. The highest directionality is
achieved when all four modes are excited and compensate each other. The higher is
the number of modes, the higher is the directionality of the antenna. This is shown in
Fig. 3.13B, adapted from reference [77], in which the scattering pattern from a hypothetical spherical particle supporting different sets of modes is shown. The first panel
(top) correspond the previously presented case of realization of the first Kerker condition, a1 = b1 . The second panel (center) shows the scattering pattern from a particle
supporting compensated electric and magnetic quadrupole modes only (a2 = b2 = 0
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Figure 3.13 (A) Schematic showing directional interference effects from different multipole combinations
up to quadrupoles. The central row depicts the modes considered and the black arrows represent whether the
scattered field oscillates in phase (downwards arrow) or out of phase (upwards arrow) with the incident one
(assumed to propagate from left with the electric field contained in-plane). The resulting patterns arising
from different mode combinations are calculated assuming matching phases and amplitudes of the modes.
Only the in-plane (purple curves) and out-of-plane (blue curves) scattering patterns are shown for clarity.
Adapted from [75]. (B) Scattering patterns corresponding to the situations in which: (top) a1 = b1 = 0 and
al = bl = 0 for l > 1; (center) a1 = b1 = a2 = b2 = 0 and al = bl = 0 for l > 2 (black, solid line) and
a2 = b2 = 0 and al = bl = 0 for l = 2 (red, dashed line); (bottom) am = an = bm = bn = 0 for m, n < 3
and al = bl = 0 for l > 3 (black, solid line) and a3 = b3 = 0 and al = bl = 0 for l = 3 (red, dashed
line). Adapted with permission from [77]. © (2014) Optical Society of America. (C) Calculated maximum
directivity of a super-directive silicon nanoantenna as a function of wavelength. The antenna consists of
a sphere with radius Rs = 90 nm and a small hemispherical notch with radius Rn = 40 nm. The system
is excited by an electric dipole perpendicular to the radius at a distance of around 70 nm from the sphere
center. (D) Absolute value and phase of the different electric, aE (l, m), and magnetic, aM (l, m), multipolar
modes excited in the system at the resonant maximum directivity. Panels (C) and (D) adapted from [78]
with permission of The Royal Society of Chemistry. (E) Simulated (left) and measured (center) radiation
patterns from the experimental realization of the super-directive antenna (shown in the right) at microwave
frequencies. The antenna is made of MgO–TiO2 ceramic (with np ∼ 4) and fed by a small electrical dipole
source. Adapted from [79], with permission of AIP Publishing.
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Figure 3.13 (continued)

and al = bl = 0 for l = 2) as well as the case in which the particle supports compensated electric and magnetic quadrupole and dipole modes (a1 = a2 = b1 = b2 = 0 and
al = bl = 0, for l > 2). Clearly, the latter shows a better directivity. Finally, the third
panel (bottom) shows the scattering from a particle supporting compensated electric
and magnetic octupole modes only (quadrupoles and dipoles being zero), as well as
the case in which all electric and magnetic multipoles up to the octupole are supported
and compensated. Of all those cases, the last one provides the largest directivity.
From the theoretical analysis it becomes clear that the larger the number of compensated multipoles, the better directivity can be achieved. The only problem, as usual,
is finding an appropriate antenna design to exploit this feature. So far, the most successful proposal is the one depicted in the left inset of Fig. 3.13C. This so-called
super-directive dielectric antenna [78] consists of a dielectric spherical particle (made
of silicon in this case, with radius Rs = 90 nm) and a small notch (considered hemispherical with radius Rn = 40 nm). The presence of the notch breaks the symmetry of
the system and allows the efficient excitation of higher-order multipoles. While the excitation of these modes is possible using external illumination by plane waves, a more
efficient excitation is achieved using a point source, such as a dipole emitter, in the
proximity of the antenna. This increase in the excitation efficiency is due to the spatial
non-uniformity of the fields created by this kind of source. Fig. 3.13C depicts the simulated maximum directivity of the combined antenna-source system as a function of
the excitation wavelength, showing a resonant behavior at around 455 nm, for which a
maximum directivity of 10 is achieved. The right inset of this plot represents the radiation pattern of the system. The origin of the large directivity becomes apparent when
analyzing the multipolar contributions to the radiation, as plotted in Fig. 3.13D. The
calculated amplitudes and phases of the different multipolar modes, as well as the calculated radiation patterns shown below, manifest the origin of the observed directivity
as a result of the interference between an electric dipole and a set of magnetic modes
consisting of dipoles, quadrupoles, octupoles and even hexadecapoles. This concept of
super-directive dielectric antenna has been experimentally demonstrated at microwave
frequencies, using a ceramic material and a dipolar feed to excite the antenna [79].
Fig. 3.13E shows the simulated and experimentally measured directivity patterns at
the resonant maximum of the directivity of the system. The measured system is shown
in the right panel of the graph. The measurements agree well with the numerical calculations demonstrating the feasibility of this design as a compact and directional
dielectric nanoantenna. A demonstration at optical frequencies is, however, still to be
achieved. For the interested reader in this topic, a plethora of dielectric nanoantennas

100

Dielectric Metamaterials

of increasingly complex shapes (including rings, cups, v-shaped antennas, etc.) has
been studied in the last few years to achieve similarly complex functionalities, such
as wavelength-dependent routing, bianisotropy-induced incidence-dependent scattering and many more. Some of this work can be found in the references of this chapter
[14,57,80–82].

3.4.3 Substrate and environment influence
Let us now focus on the last strategy to design the multipolar response, and thus the
directivity, of an isolated dielectric nanoantenna. As mentioned earlier, it consists of
placing the antenna in a complex environment. In this regards, even the presence of a
simple substrate, for which an analytical solution exists in the case of spherical particles [83], can significantly alter the scattering properties of the antenna (see, e.g.,
Chapter 3 in [84]). In the case of a dielectric substrate, the impact of its presence on
the modes excited in a nanoantenna depends on its refractive index. As the index increases, the impact becomes more pronounced. The main consequence of the presence
of the substrate is the emergence of bi-anisotropy in the system, which follows from
magneto-electric coupling effects, affecting only those components that are parallel
to the substrate and being strongly enhanced when resonances of the antenna are excited [22]. While the effect of the substrate on the spectral position and amplitude of
the modes is only noticeable when its refractive index is moderately high, the impact
on the scattering pattern of the antenna, and in particular on its forward-to-backward
ratio, can be significant even for low values, being measurable even in the case of a
glass substrate [85]. The physical origin of the impact of the substrate can be readily understood on the grounds of dipole emission near interfaces [86] and the affected
dipole-dipole interactions. As an example of these effects, Fig. 3.14A shows a comparison of the extinction cross-section and corresponding multipolar contributions from a
silicon sphere in air, on top of a glass substrate and on top a silicon one. The magnetoelectric coupling becomes apparent in the emergence of an additional electric dipole
resonance at the spectral position of the magnetic dipole one, becoming increasingly
important as the index of the substrate increases. In the case of a metallic substrate the
impact on the modes of the antenna becomes even more important. Due to the presence of free electrons and the associated screening effect optical modes excited in the
antenna experience the effect of their mirror images, thus making its scattering characteristic increasingly complex [22,87]. Let us study a particular case to exemplify
the kind of effects that arise in this situation. Consider the case of a silicon sphere
illuminated by an s-polarized, oblique plane wave. Fig. 3.14B shows the comparison
between the calculated extinction cross-section when the particle is placed on top of a
glass substrate and when the particle is placed on top of a gold film. The corresponding measured spectra from a silicon particle fabricated by laser ablation are shown in
Fig. 3.14C, in which both the co-polarized and cross-polarized scattering intensities
are individually plotted. In the case of the gold substrate the higher-energy electric
dipole peak presents a broadening with respect to the case of glass (also with respect
to the free-standing one) while the lower-energy magnetic one experiences a clear narrowing, increasing its quality factor. It is possible to qualitatively explain this behavior
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Figure 3.14 (A) Comparison of the extinction cross-section and corresponding multipolar contribution
between a silicon sphere (radius R = 65 nm) suspended in air (left), deposited on a glass substrate (center) and deposited on a silicon substrate (right). Adapted with permission from [22]. © (2015) American
Chemical Society. (B)–(C) Comparison of the (B) calculated extinction cross-section and corresponding
multipolar contribution and (C) experimentally measured co- and cross-polarized scattered intensity from
a silicon sphere (radius R = 85 nm) deposited on a glass substrate (left) and a gold substrate (right) under
s-polarized oblique incidence (angle of incidence 65°). In the experiment, the gold substrate is a 40 nm film
deposited on a glass substrate. (D) Scheme of the interactions between different dipoles and their mirror images, and corresponding impact on the quality factor of the resonances. Adapted with permission from [87].
© (2016) John Wiley & Sons, Inc. (E) Calculated scattering efficiency from a silicon disk with height and
diameter 100 nm deposited on top of a silicon substrate covered with an intermediate silica spacer (as shown
in the inset), as a function of the spacer thickness, t. The horizontal dashed lines represent the resonance
wavelength of the electric dipole and magnetic dipole modes. Adapted with permission from [88]. © (2013)
Optical Society of America.

in simple terms by just studying the interaction of these dipoles with their mirror images. The different cases are schematically summarized in Fig. 3.14D. In the case
of vertical (normal to the substrate) magnetic dipoles and horizontal (parallel to the
substrate) electric ones their mirror images oscillate out-of-phase, thus reducing the
radiative losses and increasing the quality factor of the mode. An opposite situation
holds for horizontal magnetic dipoles and vertical electric ones, for which the mirror
images oscillate in phase, thus increasing the total dipole moment and the radiative
losses, causing the broadening of the associated resonances. In addition to the impact
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on the mode characteristics, substrates may also cause the selective excitation of a
certain type of mode as a function of the distance between the antenna and the interface [88]. The origin of this selective excitation stems from the standing wave formed
between the incident field and the reflected one, which presents alternating nodes and
anti-nodes of the electric (magnetic) field as a function of the distance to the interface.
Electric (magnetic) modes can only be excited provided the antenna is not placed at a
node of the electric (magnetic) field. In the case of dielectric nanoantennas supporting
both electric and magnetic modes, specific resonances can be alternatively excited as
a function of the distance to the interface. Obviously, this effect is increasingly pronounced as the index of the substrate increases, and even more in the case of a metallic
one. Fig. 3.14E illustrates this effect by plotting the simulated scattering cross-section
of a silicon nanoantenna deposited on top of a silicon substrate with an intermediate
low-index silica spacer as a function of the spacer thickness. The plot clearly reveals
the alternating excitation of electric and magnetic dipole resonances in the antenna at
different thickness values. Recently, this effect has been used to control the scattering
from a single semiconductor nanowire antenna mounted on a microelectromechanical system (MEMS) and placed in front of a metallic mirror [89]. When a voltage is
applied to the MEMS the distance between the nanowire and the mirror changes. Consequently, the measured scattering spectra under TM polarization changes according
to the selective excitation of the magnetic or the electric resonance in the nanowire.
Although just an example, this gives a hint of how even a simple modification of the
environment of the antenna can help tailoring its scattering properties.

3.4.4 Scattering suppression in dielectric nanoantennas
While most of this chapter has been focused on maximizing the scattering efficiency
of dielectric nanoantennas, as well as tailoring their scattering diagram, they may also
show interesting properties when it comes to minimizing their scattering. One of the
cases in which the scattering from a dielectric nanoantenna is minimized has been
already shown in the chapter, though it may have passed unnoticed for the reader unfamiliar with this topic. In Figs. 3.5A and 3.7A we showed the scattering efficiency
of dielectric spheres with different refractive indices. In those plots, it can be seen a
spectral region in which the scattering associated with the electric dipole is strongly
suppressed. This is better seen in Figs. 3.5B and 3.7B, in which the absolute value
of the a1 coefficient is shown, exhibiting a clear minimum reaching near zero. Interestingly, at this spectral position the internal coefficient associated to this mode is
non-zero, implying non-zero energy and, thus, a non-vanishing displacement current
distribution. This ultimately implies that, at this spectral position, the incident field
excites in the sphere a particular oscillating current distribution configured in such a
way that does not re-radiate. This nonradiating current configuration, called anapole,
has its physical origin in the scattering cancellation between the induced Cartesian
electric dipole and the dipolar term of a family of Cartesian multipoles referred to as
toroidal moments [90]. While the first observation of anapole modes in nanophotonics
was done in systems of complex geometries [91] it was soon realized that they could
also be observed in the much simpler case of a single dielectric particle [92]. Since
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then their study has been extensive and much work can be found now in the literature,
including their extension to magnetic modes and higher orders [93], to other geometries [94] as well as their application to inhibition of total scattering (below even the
Rayleigh limit [95]), to sub-wavelength lasers designs [96] or to enhanced nonlinear
harmonic generation [97], to mention some.

3.5

Conclusions and outlook

As one can see from this chapter, dielectric nanoparticles and nanoantennas represent an excellent playground for controlling and engineering multipolar interference
effects. In contrast to conventional plasmonic, which can typically only explore electric multipoles, each dielectric nanoparticle, even of a simple shape, offers a rich set
of electric and magnetic multipolar resonances whose phases and amplitudes can be
tailored by changing nanoparticle size, shape or environment. This brings excellent
opportunities to engineer amplitude, phase and directivity of the light scattered by
such particles and nanoantennas. Depending on the application one can enhance or
suppress light scattering in certain specific directions and/or narrow down scattering
diagrams using multipolar interference. The number and the character of the excited
multipoles can be controlled by nanoparticle size, number and geometry. These basic
scattering properties build the foundation for applications of dielectric nanoantennas
for efficient control of light phase and amplitude with dielectric metasurfaces and
metamaterials, enhancement of spontaneous emission, promoting nonlinear effects,
and other important application, which will further be discussed in this book.
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